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NLS Note that the irrationality of the space periods decouples the linear resonant

interactions into products of 1-dimensional resonances, reducing considerably the
complexity of the resonant dynamics usually used to construct transfer of energy
solutions.

However, one can provide these growth of Sobolev norms solutions by using
quasi-resonances relying on Diophantine approximation properties of the space
periods.
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1. Introduction

In the last decades there has been a lot of effort in understanding transfers of energy phenomena for
linear and nonlinear PDEs on compact manifolds. A fundamental issue consists on constructing solutions
mainly Fourier supported on a set of resonant modes that exchange energy among themselves as time evolves.
Many works have been devoted to constructing different possible qualitative behaviors of such transfers.
In [25,26,35] the authors provide existence of periodic in time transfers of energy (usually called beating
effects) for nonlinear Schrodinger (NLS) equations on T := R/27Z. More recently, in [23], the authors prove
the existence of solutions exhibiting chaotic-like exchanges of energy for the cubic Wave and Beam equation
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on T? := Tx T (see also [24]). We mention also [22], where the exchange of energy among couples of resonant
modes relies on the presence of fast diffusion channels for the first order normal form of some nonlinear
resonant PDEs on T.

A fundamentally different question is to investigate whether it is possible to construct solutions exhibiting
transfer of energy between modes of characteristically different scales. This phenomenon, known as forward
(backward) cascade when the energy is transferred from low to high (high to low) modes, may lead to the
growth of higher order Sobolev norms as time evolves.

The importance of such phenomenon has been highlighted by Bourgain [10], who proposed the following
question as one of the main problems for the XXI century in the study of Hamiltonian PDEs.

Question 1. Are there solutions u(t) of the cubic defocusing nonlinear Schridinger equation
iy = Au— ul’u on T2

such that

limsup [|u(t)|| gs(p2y = 00
t—o00

for some s > 17

Several works have been devoted to find polynomial upper bounds for the growth of high order Sobolev
norms (we mention for instance [8,11,12,45-47]). The results for lower bounds on the growth are more scarce.
The first ones are due to Bourgain [7,8] and Kuksin [39-41].

In 2010, Colliander, Keel, Staffilani, Takaoka, Tao [13] provided the following outstanding result in the
direction of the Bourgain conjecture.

Theorem 1.1. Let s > 1 andC > 1, u < 1. Then, there exists a solution u(t) of the cubic NLS on T? and
T > 0 such that

||u(0)||HS(’]I‘2) < ”U(T)HHS(TQ) > C.

The solutions given by Theorem 1.1 undergo an arbitrarily large, but finite, growth of Sobolev norms
after certain time. These solutions follow closely the orbits of a resonant model (called Toy model in [13])
which is obtained by restricting the resonant Hamiltonian to the finite dimensional subspace of functions
with a certain finite Fourier support A C Z2, that has to satisfy several combinatorial properties. The
construction of the set A and the analysis of the dynamics of the resonant model are crucial steps of the
proof of Theorem 1.1.

We observe that Theorem 1.1 can be seen as a result of Lyapunov instability in the H?® topology for the
origin u = 0 of the cubic NLS, which is an elliptic fixed point. Thus we refer to orbits displaying the norms
explosion, as the ones given in Theorem 1.1, as unstable solutions.

In [30] (see also the erratum [31]) the authors provided estimates for the instability time T by making a
deep analysis of the dynamics of the finite dimensional resonant model . In particular they proved that in
the case the initial H*-norm is not assumed to be small then the instability time 7" has a polynomial upper
bound with respect to the growth C/u

T < (C/wp)e for some constant ¢ = ¢(s) > 0,
otherwise the upper bound is super exponential in the growth

T < e(C/m° for some constant ¢ = ¢(s) > 0.
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In [27] the second author of the present paper proved the existence of solutions of the cubic NLS on T?
with convolution potential undergoing arbitrarily large growth of Sobolev norms. Theorem 1.1 has been
extended to the quintic NLS by Haus—Procesi [34] and, later, to any NLS with analytic nonlinearity by
Guardia—Haus—Procesi [29].

Concerning results of H®-instability for different objects rather than elliptic fixed points, we mention
Hani [32] and Guardia—Hani-Haus—Maspero—Procesi [28].

The aforementioned results concern large but finite growth of Sobolev norms. Existence of solutions
displaying an unbounded growth, in the spirit of the Bourgain’s conjecture, have been proved for linear
time-dependent equations [1,9,14,17,42-44,49], and, for nonlinear PDEs, by Hani-Pausader—Tzvetkov—
Visciglia [33] for the cubic NLS on the product space R x T¢ and Gérard—Grellier [20,21] for solutions of the
Szegd equation.

As we have already said, the construction of unstable orbits is usually based on the study of the resonant
dynamics of the PDE. It is reasonable then to argue that the more complicated the resonant structure of a
system is, the richer should be its resonant dynamics. This is why in general we expect to be more difficult
to appreciate instability phenomena for equations on 1-dimensional spatial domains.” In higher dimension a
similar situation occurs when we consider irrational tori, namely

T3 == Ty, x Tx,, A= (M) Ty, =R/27N'Z,

where \ € R? is an irrational vector, i.e. -k # 0 for all k € Z? \ {0}. Indeed, as it was observed in [48], in
the case in which A2/ is not an integer, a resonant relation

N(GT =45 +75 —d2) + A5k + k5 — k3 + k3) =0,

decouples into two “one-dimensional” resonant relations

Ji-Jjs+is—ji=0 and K} +k5— k54K =0.
Therefore there exist only the resonant quartets (41, k1), (j1, k2), (j2, k1), (j2, k2), that are vertices of rectan-
gles with horizontal and vertical edges.

It is a general belief that the irrationality of the torus should mitigate the boundary effects and produce a
sort of weak dispersion. Recent works on the analysis of the spreading of energy to high modes and Sobolev
stability results for PDEs on irrational tori support this intuition.

Recently Staffilani and collaborators started investigating the spreading of energy for solutions of the
cubic NLS on irrational tori. In [48] Staffilani-Wilson remark that it is not possible to apply the overall
strategy of [13] to obtain solutions undergoing growth of Sobolev norms. This is due to the lack of “enough”
resonant quartets that are the building blocks for the construction of the aforementioned set A. Moreover
they give a quantitative estimate of the energy spreading in the time scale of local theory. In [36] Hrabsky,
Pan, Staffilani and Wilson refine the above analysis and perform numerical experiments. They are able to
keep track in a good quantitative way on how far the bulk of the support of solutions with initial conditions
of any size may travel after an arbitrary fixed time.

Another evidence of obstructions to instability of NLS equations on irrational tori is provided by the
works of Deng [15] and Deng—Germain [16], where the authors prove that on 3-dimensional irrational tori
the polynomial in time upper bounds for the growth of Sobolev norms have a smaller degree compared to
the rational case. We also mention [5] for polynomial time estimates on the growth of Sobolev norms of
solutions of linear Schrédinger equation with time-dependent potential on irrational tori and recent works
of long time stability in Sobolev spaces, based on normal form methods [2,4,18,19].

2 Actually in the case of the cubic NLS the system is completely integrable and the Sobolev norms are controlled for all time.
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In this paper we prove the existence of solutions of the cubic NLS on (almost all) 2-dimensional irrational
tori undergoing an arbitrarily large (but finite) growth of their Sobolev norms. The key idea is to apply the
mechanism of [13] for a quasi-resonant model and to obtain such model normalizing just a finite number of
terms of the Hamiltonian. This avoids small divisor problems that appear in performing a Birkhoff normal
form for NLS on irrational tori. Then, we use some arguments of Diophantine approximation to prove that
the dynamics of our quasi-resonant model approximates well the dynamics of the cubic NLS for a certain
range of time.

2. Main results

Let us consider the cubic NLS equation
iuy = Au — |ul*u, u=u(t,z,y), (z,y) € T%Lw) =TxT,. (2.1)

We consider the following Fourier expansion for functions u: T%l W) C

s 1
u(x,y) - Z an el(ngrwky)’ Qn = 2mw =1
n:=(j,k)€Z2

/ u(z,y) e UTTORY) dg dy,
TxT,

The Hamiltonian of Eq. (2.1) with respect to the symplectic form —i)_ ;> da, A da, is given by
H=H® 4+ g®

where
H =3 Amlan|” with  A(n) = |jf* + k[

nez2
(2.2)
H® = Z Uy Ty Uy Trny-

n1—ng+nz—ng=0

Let s > 0, we define the Sobolev spaces

s 5
B = BT ) = fu= 3 a0l = 37 a0 < oo
n:=(j,k)€Z2 nez?
where
(n) == max{1,|nl|}.

As in [30] we provide two results, that differ from requiring or not the smallness of the norm of the initial
conditions. In the case of arbitrarily small data solutions we see that the bounds on the time of instability
worsen when we consider stronger Diophantine conditions on the tori lengths. We restrict ourselves to
w € [1,400) since one can scale any torus to obtain one with this property.

Theorem 2.1. There exists a set of irrational numbers S C [1,+00), which has full measure and Hausdorff
dimension 1, such that for allw € S the following holds.
Let s > 0,5 # 1 and fiz C > 1. Then the cubic NLS (2.1) on the irrational torus T%l,w) possesses a solution
u(t) such that
lu(T)l[s = Cllu(0)]ls, (2.3)
where
T < exp (Cﬁ) (2.4)

for some constant § = B(s) > 0. Moreover, there exists a constant n =n(s) > 0 such that

lu)llo <C™"  forall tel0,T].
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Next theorem imposes that the initial s-Sobolev norm of the solution is arbitrarily small and explodes
after certain (long) time.

Theorem 2.2. Fixs > 0,s # 1. There exists a set Sos C [1,4+00), which has Hausdorff dimension (1+s)~1,
such that for all w € Sy, the following holds.

Fiz C > 1 and pn < 1. Then, there exists a solution u(t) of the cubic NLS (2.1) on the irrational torus
T%Lw) and T > 0 such that

[u(O)lls <p, (D)5 = C. (2.5)

Moreover, for any T > 2s, there exists a subset §T - 525 with Hausdorff dimension 2(2 + 7)~!, such that if

w € S;, the time T satisfies i
1 [/c\’

T < el 2.6

_eXp<T_2S<M)> (2.6)

for some constants 5(3) > 0.

Some comments are in order.

e The set S and the family of sets S, are defined through Diophantine approximation conditions of w and
are specified in Section 2.1.

e Even if Theorem 2.1 does not assume any smallness assumption on the H*-norm of the initial datum,
we are not able to provide polynomial upper bounds on the diffusion time as in [30]. This comes from
the fact that our Toy model is not resonant, but just quasi-resonant. This is independent from the fact
that we consider small or not the norm of the initial data.

o Deng and Germain [15,16] showed that the growth of Sobolev norms for solutions of NLS is expected
to be weaker on irrational tori. It is not easy to compare the time estimates that we obtain with these
results because (i) our estimates are not optimal and are actually close to the ones obtained in the
rational case, (ii) the upper bounds on the growth provided in [15,16] are for infinite time, while we are
able to control the evolution for large, but finite, time.

e Theorems 2.1 and 2.2 can be seen as a transfer of energy counterpart to the “energy localization” result
provided in [36]. Indeed, [36] (see also [48]) gives a control on the energy spreading from low to high
modes for Eq. (2.1) on irrational tori. More precisely, the authors prove that the solutions which are
supported at initial time at “low” Fourier modes (]|(4, k)|| < N for some given N) can ounly excite “very
high modes” (||(j, k)| > M for a much larger M, depending on N and the size of the initial Sobolev
norm) after very long time.

The result in [36] does not contradict ours for two reasons. First, the time needed to attain growth in
Theorems 2.1 and 2.2 is much larger than the stability time in [36]. Second, we attain growth of Sobolev
norms by exciting high modes which are lower than the ones analyzed in [36].

The fine analysis of the time estimates and the size of the excited Fourier modes that we carry out
allow us to suitably modify the approach in [13] to obtain growth of Sobolev norms by drifting along
the quasi-resonances of (2.1).

e Our Toy model is obtained through a partial normalization of the Hamiltonian of degree four. In
particular we just need to normalize a finite number of terms in this Hamiltonian. This avoids small
divisor problems that may cause loss of derivatives and unboundedness of the Birkhoff transformation.
Indeed the irrationality of the torus implies that the combinations of linear frequencies accumulate to
zero. This is in contrast with the case of the NLS on T2, where the linear eigenvalues are all integer

numbers.
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2.1. Classical results on diophantine approximation

A key point in the proofs of Theorems 2.1 and 2.2 is to use Diophantine approximation properties for
the length w of the irrational torus. We devote this section to state several classical results in Diophantine
approximation (we mention [3] for a modern survey on the subject). They will allow us to describe the sets
S and §S introduced in the theorems.

Definition 2.3. Let ¢:N — R := [0, 00) be a decreasing function. We say that w € R is 1)-approximable
if there exist infinitely many (p, ¢) € Z x N such that

We say that (p, q) is a ¥-convergent of w.

Note that the classical Dirichlet approximation theorem states that all irrational numbers are -

approximable with 1(q) = ¢~ 1.

Definition 2.4. Let ¢:N — R™ be a decreasing function. Let us define
W() ={w € [1,00) : w is ¢ — approximable} .

We denote by m(-) the Lebesgue measure on R and by W ()¢ the complementary of W () in [1,00). We
recall the following classical result in Diophantine approximation theory.

Theorem 2.5 (Khinchin [38]). Let 1:N — R™T be a decreasing function. Then

m(W (1)) =0 it ) W(g) < oo,
qeN

m(W($)°) =0 it Y w(g) =0,
qeN

For Theorem 2.1, we consider the function

_c
 qlogg
for some ¢ > 1. We say that w is (log,c)-approximable if w is w-approximable with ¢ as in (2.7).

The set S considered in this theorem is just the set of (log, c)-approximable numbers for some ¢ > 1.
By Khinchin theorem the set of (log, c)-approximable numbers has full Lebesgue measure and maximal

¥(q) (2.7)

Hausdorff dimension.
For Theorem 2.2 we have to be more restrictive. We consider the function

¥(g) = ql% (2.8)

for some ¢ > 1,7 > 0. We say that w is (7, ¢)-approximable if it is ¢-approximable with ¢ as in (2.8). Then,
we define the set S; introduced in Theorem 2.2 as the set of w € [1,+00) which are (7/, ¢)-approximable
numbers for some 7/ > 7 and ¢ > 1 and are not Y-approximable with

P(q) = L

qlog q’

Note that the set of @—approximable numbers is contained in the set of Liouville numbers, hence it has
zero Lebesgue measure. By Khinchin theorem also the set S5 has measure zero. Regarding the Hausdorff
dimension of such sets we have the following classical result.

6
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Theorem 2.6 (Jarnik—Besicovitch [6,37]). Let 7 > 0, then the Hausdorff dimension of the set of (7,1)-
approzimable numbers is 2(t + 2) 1.

Therefore the set of Y-approximable numbers has 0 Hausdorff dimension, while the set g‘s has Hausdorff
dimension (1 + s)~1.

2.2. Heuristics

Now we give the main ideas on how we construct the unstable solutions of Theorems 2.1 and 2.2. These
solutions have the following form

u(t,z,y) =v(t,z,y) + R(t,z,y),  v(t,z,y) =Y an(t) 07Tk,
neA

where A C Z? is a finite set and R(t) is a function which is small, at least for some time, in the Banach space
¢! (see the definition in (3.7)), which has a weaker topology with respect to the Sobolev spaces H*.® The
compactly Fourier supported function v(t) is the solution of a particular truncation of the NLS Hamiltonian.
Then it is an approximate solution of the full cubic NLS.

More precisely the function v(t) is solution of the system obtained by restricting the Hamiltonian terms
of degree 4, after a normalization procedure, to the finite dimensional subspace

V= {an :Oa 77,¢/1}7

which is generated by setting all the modes out of A at rest. The normalization procedure consists in
eliminating all the monomials of degree 4 with exactly one a, with n ¢ A (see (2.2)). Thanks to the
conservation of momentum it is easy to see that there is a finite number of such terms. More precisely
the Hamiltonian is transformed as

H® £ g@W N H® 4+ N 4+ R,

where A is the partially normalized Hamiltonian of degree 4 and R is a function of order 6 at the origin.
Then V, is invariant under the flow of the truncated normalized Hamiltonian N .

We refer to the system obtained by the restriction on V, as our quasi-resonant model, that will describe the
effective dynamics of the modes in A. This is the counterpart of the Toy model of [13]. A crucial difference is
that the set A in our case is not made by resonant quartets, but only by modes that are close to be resonant.
More precisely it will be resonant with respect to the quadratic Hamiltonian

> Al Am) =7+ R, (2.9)

nez?

where (p,q) € Z? is a suitable 1-convergent of w (see Definition 2.3). The closeness to resonances of the
cubic NLS on ']T%l’w) is measured by the quality of the approximation of w by the rational number p/q.
The properties of the set A determine the equations of the quasi-resonant model. Our set A has the same
combinatorial properties as the set A in [13]. Then the equations that describe its evolution are the same.
We know that for this system there exists an orbit r(¢) displaying a transfer of energy from modes in A
with characteristically different scale. Since (in rotating coordinates) the vector field of the quasi-resonant
model is homogeneous of degree 3 we can consider rescaled solutions

T)\(t) = /\717'()\72t).

3 We remark that this implies that the closeness in ¢! does not imply closeness in H®.

7
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The next step consists in proving an approximation argument, namely showing that solutions of the cubic
NLS that starts close enough (in the weak norm) to 7*(0) shadow the orbit 7*(¢) for a certain range of times.
The terms that we have to control in order to guarantee that the solutions arising from a neighborhood of
r2(0) do not diverge too much are mainly two: (i) the remainder R coming from the normal form procedure,
(ii) the error that is originated by considering the solution of a quasi-resonant Hamiltonian system, instead
of a resonant one.

The control on the remainder R is guaranteed by taking the scaling factor A large enough, that means
to consider solutions with very small (in £*-norm) initial data. This is because the remainder is a function
of higher order (six) at the origin.

The second term to control, after passing to rotating coordinates (to eliminate the linear part of the
equation), presents a phase-term

exp(iﬁw(nl,...,n@t)fl ~  y(ny,...,ng)t,

with
.Qw<n17 L. ,n4) = )\(nl) — )\(712) + )\(’ng) — )\(’Il4)

This term has to be controlled over long time and it reflects how bad the quasi-resonant model approximates
the full PDE. To control this term we need some good upper bounds for the resonant combinations
2,(n1,...,n4). Recalling (2.2) and (2.9), this shall be done by proving that |2, — £2,/,|, where §2,/, is
defined as {2, by replacing X\, with \,,, is of the order of ¢ (q). Thanks to the choices (2.7), (2.8) this
function is decreasing in ¢, hence we can provide better bounds by choosing larger q. We remark that at this
step the rate of ¢)(q) does not play any role.

After the approximation argument we have to ensure that solutions u(t) close to r*(t) satisfy (2.3) and
(2.5). This is done by using the fact that the Birkhoff normalizing transformation is close to the identity
and the set A satisfies certain properties.

Eventually, to impose that the H*®-Sobolev norm of the initial datum is small, as in Theorem 2.2, we need
to consider w as a (7, ¢)-approximable number with 7 > 2s. We also require that w is not Liouville to have
estimates for the convergents of w.

Plan of the paper In Section 3 we prove an abstract result of partial normalization of the NLS Hamiltonian.
In Section 4 we construct the set A and we show that we can apply the partial normalization of Section 3
with respect to V4. In Section 5 we study the dynamics of the quasi-resonant model. In Section 6 we prove
the approximation argument. Finally, in Section 7, we prove the bounds on the Sobolev norms at initial and
final time and we conclude the proofs of Theorems 2.1 and 2.2.

3 Birkhoff normal form
3.1 Notations

We use the following notation:

e a ~ b if there exist two constants C7,Cy > 0 which may depend on w such that Cia < b < Caa.
o a S b if there exists a constant C' = C(w) > 0 such that a < Cb.

e We denote by n = (j, k) the generic element of Z2.

o Given a set A C Z? we denote by || the cardinality of A.

e Given a Hamiltonian H we denote by Xy its vector field.

8
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3.2 The Hamiltonian structure

Eq. (2.1) can be seen as an infinite dimensional system of ODEs for the Fourier coefficients

—1ia, = Mn)a, + Z Uny Gpy Ong, n e 72 (3.1)

ni1—ng+n3z=n

For our purpose it is useful to remove some cubic terms by using the Gauge invariance of Eq. (2.1)

4y = pp €51
Choosing G = 2||ul%,, Eq. (3.1) becomes
.. 2 .
—ipn = An)pn — |pul pn + Z Pny Prg Prng, nez’ (3.2)
n17n2+n3:n,
ni#ns
and its Hamiltonian is given by
H=H? +1W (3.3)
1 4 1 .
HW = 1 Z lpn|” + 1 Z Pny Png Pnz Pry-
nez? np—ny+nz—nyg=0,
ny#ng,ny

Now we partially normalize the above Hamiltonian. The normalization consists in eliminating the monomials
of degree 4 which are supported on a quartet (n1,ns,ns, n4) with exactly one n; out of a given set A. In the
following we introduce some definitions which are useful to identify such Hamiltonian terms.

We consider a finite subset A C Z? and we denote by H(*?, 0 < d < 4, the terms Fourier supported on

A(d) ::{(nl,ng,ng,n4) €(Z*)* :ny —ng+n3 —ng =0,

(3.4)
exactly d integer vectors n; belong to Z2 \ 4 } .
In particular #*9 is Fourier supported just on modes in A. Given r € R, we call
4 4
Qr(na, o) =Y (D)5 4+ 02> (=) ) (3.5)
i=1 i=1

These are the resonant combinations of order 4 of the Laplacian on the torus ']I‘%1 .y
In the Birkhoff normal form procedure and in the approximation argument we shall take into account
respectively the lower and upper bounds of such combinations. Let us denote

Ly = inf |2,(n1,...,n4)], Uy, == sup |2(n1,...,n4)|. (3.6)
A(k) A(k)

We shall perform the normal form procedure in the space

h=Sp: 2% = C:pllpy = Z |pn| < o0 p. (3.7)

nez?

We recall that this space is an algebra with the convolution product. For n > 0 we denote by

B(n) = {p:Z* = C:|lpllx <n}.

We shall use the following classical lemma.
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Lemma 3.1. Let

_ z : I1---0d+1 o1 Td+1 + . - =
F - Fnl..AndJrl pn1 . 'pnd+1a pn = Pn; pn T Pn

+
i1 o;n;=0,
oje{x}

be a homogeneous Hamiltonian of degree d + 1 preserving momentum. Then

IXp(o)lla < IFRlG

where

[F] = sup |Fgllgjill .

(o3m)
Moreover, let G be a homogeneous, momentum preserving, Hamiltonian of degree d' + 1 of the same form of
F. Then {F,G} is a homogeneous, momentum preserving, Hamiltonian of degree d + d' and

HE G S [FTGT

We deduce that
I1XE, Xal(p)lley S TFTIGUNG (3.8)

where [-,-] denotes the standard Lie bracket between vector fields.

Proof. The proof relies on Young’s inequality and the algebra property of £*. We refer for instance to the
Appendix A in [26] for more details. The last inequality comes from the fact that X(p gy = [Xr, Xg]. O

The main result of this section is the following.

Proposition 1 (Weak Birkhoff Normal Form). Let A C 7Z? be a finite set such that
u(ni,n2,mg,ng) 0 V(ny,ne,ng,ng) € A1), (3.9)

where 2, and A(1) are defined respectively in (3.4) and (3.5).
Then, there exist n > 0 and a symplectic change of coordinates p = I'(8): B(n) — B(2n) which transforms
the Hamiltonian H in (3.3) into the Hamiltonian

H=Hol =H® + H*O) L 522 L R, (3.10)

Moreover the following estimates hold

sup [|[1+(8) = Bl S L1 0, (3.11)
BeB(n)
sup | Xr(B)la S L0+ L7, (3.12)
BEB(n)

where L1 is defined in (3.6). The estimate (3.11) holds also for the inverse I'"1.

We remark that the smallness condition on the radius 7 that we need to impose to ensure that &' maps
B(n) to B(2n) (and similar for its differential D &%) is of the form

Lyt < 1.

We will verify this condition for our particular choice of set A at the end of Section 4.

10
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Proof of Proposition 1. We consider the following homogeneous Hamiltonian

n1—ng+ng—nyg=0
with )
—_ ny,...,ny) € A1),
Fiots = L 4i0,(na, .. na) (1 1) € AlL) (3.13)
0 otherwise.
By the assumption in (3.9), the denominator (2,(nq,...,n4) never vanishes if (ny,...,n4) € A(1). By

conservation of momentum and the fact that A is finite the set A(1) is finite, which implies that the constant
L4 introduced in (3.6) is a positive constant depending on A. Therefore, F' is well defined and the associated
Cauchy problem is a well-posed ODE. Moreover, it is easy to see that with this choice of F' we have that

{F,H®} + 7D =, (3.14)

By the fact that X is homogeneous and analytic, its flow ¢! maps smoothly B(n) to B(2n) forall0 <t <1
provided that 7 is small enough. We consider the time-one flow map é*|,—; =: I'. By (3.13), the definitions
in (3.6) and Lemma 3.1, we have that

IXp(B)lla S L1 IBIG:-

Then, by the mean value theorem, we obtain (3.11) for I". Since I is the time-one flow map of an autonomous
system, the same argument can be used to prove the above inequality for the inverse I'"'. The new
Hamiltonian is obtained by Taylor expanding H o ¢! at t =0

1 1
HoF:H+{F,7-[}+§/ (1 —t){F,{F,H}}o &' dt
0
=H® L &0 4 9(4,22) {F, H(4)}
1 1
+ 1/ (1 —t){F,{F,H®}} o &' dt + %/ (1 —t){F{F,HY}} o & dt
0 0

2
=H® + {0 4 3422 L R

where, using (3.14),
e e
R={F,HY} - 5/ (1 —t){F,H* VYo &t at + 5/ (1 —t){F,{F,HP}} o & dL.
0 0
By a straightforward computation, we have that

1t I
Xr = [Xp, X)) — 5/0 (1—t)DP " Xp, X, an] o O dt + §/0 (1—t)DO ' [Xp, [Xr, Xy ] 0 @' dt,

where [-, ] denotes the standard Lie bracket between vector fields. By the fact that &': B(n) — B(2n) for
0 <t <1and Xr is a (bounded) homogeneous polynomial one can prove that

sup [[DOHB)Blllx S NIBla VEE(0,1),
BEB(n)

provided that 7 is small enough. Then, by Lemma 3.1-(3.8) and the fact that ¢': B(n) — B(2n) for0 <t <1
we obtain the bound (3.12). This concludes the proof. O

11
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4 Construction of the set A

In this section we construct a set A for which the Hamiltonian #(*? restricted to V4 gives the same
equations of the Toy model considered in [13]. Later we show that this set A satisfies the assumption
of Proposition 1.

The set A that we consider is a suitable scaling of the set constructed in [13]. It has to satisfy certain
combinatorial properties which simplify the analysis of the dynamics of the modes in A. First we recall the
construction and the properties of the set considered in [1 3] which we denote by A. Following [13], the set
A can be decomposed as the disjoint union of generations /; as

A=A U---UAy.
We say that a quartet (f1,7ia,73,74) is a nuclear family if nq,75 € A; and 7o, s € /~1i+1 for some
1=1,..., N —1 and they form a non-degenerate rectangle.” We shall first construct a set with the following
properties, which were considered in [13]:

(P1) (Closure): If 7y, 79, g € A are three vertices of a rectangle then the fourth vertex belongs to A
too.

(P2) (Existence and uniqueness of spouse and children) For each 1 < ¢ < N — 1 and every
iy € A; there exists a unique spouse fi5 € A; and unique (up to trivial permutations) children
Mg, g € Al+1 such that (71,79, i3, N14) is a nuclear family in A.

(P3) (Existence and uniqueness of parents and sibling): For each 1 <i < N — 1 and every g € A;1
there exists a unique sibling 14 € /~1i+1 and unique (up to trivial permutations) parents 71,73 €
A; such that (fy, N2, N3, Nq) is a nuclear family in A.

(P4) (Non-degeneracy): A sibling of any mode m is never equal to its spouse.

(P5) (Faithfulness): Apart from nuclear families, A contains no other rectangles.

(P6) If four points in A satisfy 7y, — fig + i3 — 724 = 0 then either the relation is trivial or such points
form a family.

Remark 1. The conditions (P1)—(P5) are the ones considered in [13]. The property (P6) was also
considered in [28].

The construction of the A set is given by the following theorem proved in [13,28].

Theorem 4.1. Fiz any 7 > 0 small. Then, there exists a > 1 such that for any N > 1, there exists a set
A C 72 with

A=

=t
-
~
Z

which satisfies (P1)—(P6) and also

~ 12
ZnEAN_l "n‘| ° 1
~ 2 =
Doneag AT T2

Moreover there exists R = R(N) satisfying

and C' > 0 independent of N such that

C'R<|n|<C3¥R Vne A, i=1,...,N

4 Note that the rectangles in z? give the resonant quartets for (2.1) in the torus T(21.1) =TxT.

12
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and e
Z’ﬁe/l] |n| < sN
125 ~
ZﬁeAi |

forany1l <i<j<N.
Our set A is obtained by scaling each 7 = (j, k) € A in the following way
J =D, ke qk (4.1)

where (q,p) € Z? is a suitable y-approximation of w to be chosen later. The key difference with [13] is that
our rescaling is anisotropic.
We have that A is the disjoint union
A=A4U---UAp,

where the generations A; correspond to the image of A; through the scaling (4.1).

We point out that the nuclear families in A are not mapped into rectangles through the anisotropic
scaling (4.1). Then, we have to “translate” the properties (P1) and (P5). Since (P2)-(P3)-(P4) are
purely combinatorial and (P6) involves just linear relations, they remain unchanged under scaling. First
we introduce the following definition.

Definition 4.2. A (p,q)-family is a non-degenerate parallelogram with vertices ni,ns,ns,ng € A which
satisfy
ny —ng +ng —nyg =0,

(4.2)

2
. . . . p
Qpjq(ning,ns,ng) = (ji — j5 +J3 — ji) + ?(kf — k3 + ki —k3)=0.

Lemma 4.3. The image of a nuclear family in A under the scaling (4.1) is a (p,q)-family. Moreover, if
(n1,n9,n3,n4) is a (p,q)-family in A then it is the image of a nuclear family. In particular ni,ns € A,
no,ng € Ajy1 for somei=1,...,N — 1.

Proof. After the scaling (4.1) a nuclear family (7, fip, 723, 74) in A is mapped into a (p, q)-family in A.
Indeed n;, = (ji; kz) is such that ]z = qji, k‘i = pki, then
2p/q(n1,n2,n3,n4) = p* (711, iz, iz, 1g) = 0. (4.3)

We observe that the momentum relation is preserved by (4.1). The fact that a (p, ¢)-family in A is the image
of a family comes again from (4.3) and the definition of A. The last assertion comes from the definition of
Ao O

By the previous lemma we can replace the properties (P1) and (P5) with the following:

(P1’) (Closure): If ny,ne,ng € A are three vertices of a non-degenerate parallelogram satisfying (4.2)
then the fourth vertex belongs to A too.
(P5') (Faithfulness): Apart from (p, ¢)-families, A contains no other parallelograms satisfying (4.2).

By the scaling (4.1), Theorem 4.1 can be translated into the following.

Theorem 4.4. Fiz any 71 > 0 small. Then, there exists a > 1 such that for any N > 1 and any p,q € N,
there exists a set A C pZ x qZ C 72 with

A=A U---U Ay,

13
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which satisfies conditions (P1'), (P2), (P3), (P4), (P%), (P6) and also

2s
ZnGAN_l |’I’L| N 2(571)(N74).

2
ZnEAg, "n’| °r

Moreover, we can ensure that each generation A; has 2N =1 disjoint frequencies satisfying

2
Sen, 0 _

—_— 5~ 4.4)
25~ ) (
Ene/li ‘?’l| °

foranyl1 <i<j <N, and

C'qR<|n|<Cq3¥R,  Vned, i=1,...,N, (4.5)
where C > 0 is independent of N and R = R(N) is the constant introduced in Theorem 4.1, which satisfies

eaN <R< 62(1+ﬁ)aN.

Remark 2. We note that the first two inequalities come from the fact that p ~ ¢ and, for n = (pj,qk) €
PZ X qZ, it = (j, k)

2~12 2 2752 2 2 27(=|2 212

Crq” A" < min{p”, ¢"}7|” < |nf” < max{p”, ¢"}n|" < Caq” 7]

for some constants Cy,Cy > 0.

Now we have to ensure that we can apply Proposition 1 with the set A that we have constructed. The
main point is to verify that A satisfies the assumption (3.9). The property (P1’) implies that (recall the
definition of A(1) in (3.4))

2,/4(n1,n2,m3,14) # 0 Y(ny,ng,ns,ng) € A(1).
We claim that this implies also
2,(n1,n2,n3,n4) # 0 V(n1,n2,n3,n4) € A(1).

More precisely we have the following stronger estimate.

Lemma 4.5. Let (p,q) be a 1-convergent of w and assume that

32N Rr? @ < 1. (4.6)

Let ny,no,ng € A, ng :=ny —ng+ng & A. Then

“Qw(nlan%n?nn‘l” Z q2‘

_(p O (1 0
po (). a-( D)

and let us consider 71, 79,i3 € A C Z? the pre-images of ni,no,n3 through the scaling (4.1), namely

Proof. Let us define

n; = Bf;, i = 1,2,3. Thus the pre-image of ny is fiy = fiy — 7o + 713 € Z2. We have that

Q1 (71, g, g, ug) = |7n ) — |7ie]® + 72| — |7ty — Pg + 7ig|? “n
= 2(fiy — fig, Tig — 7i3).

14



F. Giuliani and M. Guardia Nonlinear Analysis 220 (2022) 112865

By construction of the /A set (recall the property of closure (P1))
|21 (71, Mg, 713, 71g)| > 1 (4.8)
since {21 (N1, g, i3, 4) is a non-zero integer. This implies that

|(fn — g, Tz — Tiz)| > (4.9)

1
3"
We observe that
|(2w(n17n27n3,n4)| = 2|<n1 — Na, A (712 — TL3)>| = 2|<T~L1 — 17L2, (BTAB)(/FLQ — 7:L3)>‘
with )
T _ (D 0
Moreover,

BTAB=p*(1+J), J = (8 2)

where I is the identity matrix and, recalling that p ~ ¢, r satisfies

Il < ¥(q)

We have then
(71 — g, (BT AB)(fiz — 13))| = p* (|(fin — g, iy — fig)| — |(7t1 — i, J (712 — 73))|)
and, using also that |7i;| S3VR, i =1...4,

(7 — Rg, J (g — 713))| < || 32N R? < 32N R? %Q).

By (4.9) and the assumption (4.6), we have that
2

p

|(fi — o, (BT AB)(iiia — 713))| > z|<ﬁ1 — fig, fig — N3)|.

By (4.7), (4.8), we conclude that
p? P’
[2.,(n1,m2,n3,14)| > ?|Q1(ﬁ17ﬁ27ﬁ37ﬁ4)| > 5 >q¢*. O

Therefore, we can apply Proposition 1 considering the set A given by Theorem 4.4 provided that (4.6)
holds. We shall choose later a suitable ¢ that satisfies this condition (recall that v is decreasing, see
Definition 2.3).

Hence we have a change of coordinates I" that puts the Hamiltonian H in (3.3) in normal form

Hol = H® +HO 4 9(422) L R,

where R shall be considered as a small remainder (see (4.11)).

Remark 3. We point out that H(*% is NOT a resonant Hamiltonian, namely {H 2, H*91 £ 0. However
it commutes with the Hamiltonian (2.9).

15
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By Lemma 4.5 and the fact that A is finite we have that

L1 2% (4.10)

Then, the bounds (3.11) on the Birkhoff map and (3.12) on the remainder of the Birkhoff procedure are
sup ||[1(8) = Blla S a0’
BeB(n)

sup [ Xr(B)ln S °n°+q *n",
BeB(n)

(4.11)

where n > 0 is given by Proposition 1.

Remark 4. We recall that the smallness of n is given by a relation like nzﬁfl < 1. By (4.10) and the fact
that ¢ > 1 we can consider 77 > 0 as a small universal constant.

5 Quasi-resonant model

In this section we construct an orbit of the quasi-resonant model that displays the desired energy exchange
behavior. We introduce the rotating coordinates (recall (2.2))

B =1 XL, (5.1)
The Hamiltonian vector field associated to the Hamiltonian (3.10) expressed in rotating coordinates is
X = X0 + Xya,>2) + Xrs
with (recall (3.4))

H(4’O) — 7_[(4,0)({7,n ei)\(n)t}neA)’
H(4,22) — 7_[(4,22)({7,n ei)\(n)t}

R(t) = R({rn '} cz0).

n622)7

Defining
N = HEO) 4 3422) and QWd) .—gd) _qyd) g0 23 4, (5.2)

we can write X as
X - XN —|— XQ(4’O) + XQ(4’22) —|— XR" (53)

The Hamiltonian N gives the first order of the Hamiltonian in rotating coordinates. Since (%% only
possesses monomials supported in A and H(%Z?) only has monomials in A(2), A(3) and A(4) (see (3.4)),
the subspace

Vy={r:7Z* = C:r,=0, n¢ A}

is invariant. We analyze the dynamics of the Hamiltonian system defined by A on this subspace.

Remark 5. Observe that the vector fields X, 4,>2) and Xy,>2) vanish on Vj.

Reasoning as in [13], one can easily see that, for a set A with the properties (P1’), (P2), (P3), (P4), (P5’),
(P6), the equation for A restricted to the subspace V, is given by

.o 2 - -
—Wn = 7T"|r"| + 2rnchild1 T"childQ Tnspouse + 2T"parent1 rnparentz Tnsibling’ (54)

where the “parental relations” refer to the (p, ¢)-families in A (see Definition 4.2).

16



F. Giuliani and M. Guardia Nonlinear Analysis 220 (2022) 112865

Lemma 5.1 (Intragenerational equality [15]). Consider the subspace
Va={reVa:r,=ry V¥n,n' € A; for someje{1,...,N}}
where all the members of a generation take the same value. Then VNA is invariant under the flow of (5.4).
To determine the restriction of (5.4) to V4 we set

b; =1y for any n € A;.

Eq. (5.4) restricted on V4 reads as
by = —ib?b; + 2ib;(b7_, +b%,,), i=1,...,N. (5.5)

The following result has been proved in [30].

Theorem 5.2. Fiz a largey > 1. Then for any large enough N and § = exp(—~vyN), there exists a trajectory
b(t) of the system (5.5), o > 0 independent of v and N and Ty > 0 such that

b5(0)] > 1— 6%, [b;(0)] <67 for j #3,
|bN71(T0)| >1-47, |bj(T0)| < 6% for J 7é N —1.

Moreover there exists a constant K > 0 independent of N such that Ty satisfies
0< Ty <KN log(67") = KyN?. (5.6)
Since A in (5.2) is a homogeneous Hamiltonian of degree 4 we can consider the scaled solution
b t) = MM T2, (5.7)

where b(t) is the trajectory given by Theorem 5.2. Then

Pa,y) = 3 @) 0T A ) = {?(” sz t=1- N (5.8)
nez?
is a solution of A in (5.2). The life-span of 7*(¢) is
T = \°Ty ~ \2yN2. (5.9)
By Theorem 5.2, arguing as in Lemma 9.2 in [29], we have
sup [P @lla S IAAL (4] = N2V (5.10)

t€[0,T]
6 Approximation argument

In this section we prove that there exists a solution of (5.3) that stays close to 7*(¢) in the £!-topology for
time ¢ € [0, T]. To this end, we give an upper bound on the resonant combinations among modes in A. This
will be useful in estimating the error generated by considering a quasi-resonant model instead of a resonant

one.

17
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Lemma 6.1. Assume that w is ¢-approzimable. Let (ny,na,n3,n4) be a (p, q)-family (recall Definition 4.2).
Then

|77 = 73 + 5 — i + Wi (k] — k3 + k3 — kD)| S 32V R2qu(a).
Therefore, the constant Uy in (3.6) satisfies

U S 3V R2q(q)-
Proof. By definition of (p, ¢)-family we have (2, /,(n1,n2,n3,n4) = 0. Then,

|92, (n1, 2, n3,m4)| = |20 (n1,n2, 13, n4) — 24(n1, 02,13, 14) |

2
p ¥(q)
- (w2 - q2) |k — k3 +k3 —K3| < I}lg{{mﬁ} =2

q

Hence, it is enough to use the bound (4.5). The estimate on Uy comes from the fact that A is a finite set. O

Now we show that, under appropriate conditions on the parameters involved in the proof, that is IV, ¢ in
2.3 and X in (5.7), there are solutions of (5.3) that shadow, in the /!-norm, the trajectory r* on the time
interval [0, T]. We shall rely on the fact that our choices of the function ¢ in (2.7),(2.8) are such that g (q)
is decreasing.

This approximation argument is performed in a ball centered at the origin of £! with radius O(||r*(0)]|,1).
Hence, to guarantee that we work in the ball B(n), with n given by Proposition 1 and Remark 4, where we
can apply Proposition 1, we need to impose that

ATIN2N « 1.

This will be implied (for N large enough) by the first condition in (6.1) required by the following proposition.

Proposition 2 (Approzimation Argument). Fix e > 0 small. Then, for N > 1 and A, q such that
Azexp(5Y),  qylg) S NTTT2T VAT R (6.1)

the following holds.
If r(t) is a solution of (5.3) such that

I(0) = 7 (0) |1 < A~(H+29) (6.2)
then
sup_[[r(t) — () < AT (6.3)
t€[0,T)

where T is in (5.9).

Proof. Note that (6.1) implies (4.6). Therefore, we can apply Lemma 4.5 and consider the estimates (4.11)
We define £(t) == r(t) — r*(t). The equation for £ can be written as & = Zy + Z1 + Zo + Zs + Z4 where

Zy = Xp/ (1 +€),

Zy = DX (r)[E],

Zy = Xpn (I + &) — Xn(r') — DXnr(r)[€],

Zs = X gua () + X a2 (),

Zy = X0 (I +6) = Xm0 (1) + Xguz2) (1 + &) — Xguze ().
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Applying the ¢! norm to this equation we obtain

d
i léle <M1 Zollr + 11 Zulla + 1 Z2ller + 11 Zslla + 1 Za] -
We assume temporarily a bootstrap assumption. We call T* to the supremum of the 7" > 0 such that’
@)l <2270+ vt e [0, T).

Note that (6.2) implies T, > 0. A posteriori we will prove that T, > T, where T is the time introduced in
(5.9) and therefore we can drop the bootstrap assumption.

First we need a priori estimates on the terms Z; defined above. We shall use repeatedly Lemma 3.1 and
the bootstrap assumption without mentioning them. We remark that the change to rotating coordinates
(5.1) does not affect the bounds.

Bound for Z,. By (5.10) and the bootstrap assumption
7 + €]l STANTT + AT S N2V AT

Hence by (4.11)
1Zollr S g 2NP22N A0,

Bound for Z;. By (5.10) and considering that A is a homogeneous Hamiltonian of degree 4 we have

1Zullr S TAPA2 €l S N4V A2

Bound for Z. By (5.10), we have

1Zallen S ATHAJNENZ S A2 Al ll€lln S N2V AT i€l

Bound for Z3. By Remark 5, X 54,>2) (r*) =0 and so Z3 = X 54,0 (r*). Using that Q4% is a homogeneous
Hamiltonian of degree 4, we can reason as in Lemma 3.1 and bound Z3, up to constants, by the product of
[r*[|2, and the maximum of the coefficients of the Hamiltonian Q™0 that is

sup | exp(i£2, (n1,n2,n3,n4)t) — 1] < sup |20 (n1,n2,n3,n4)] [t].
ny,ng,ng,ng€A, ny,ng,nz,ng €N,
ny—ng+ng—ng=0, ny—ng+nz—ng=0,

Q5 /q(n1,m2,m3,m4)=0 2,/q(n1.n2,n3,m4)=0

Note that the supremum is taken over the (p, ¢)-families of A. Then, by Lemma 6.1 and (5.10), we have
1Z5@) e S Ul APA 8 S 32V R2qu (@) APA* ¢ < N°72 q(q) A~° B2 ¢,
Bound for Z;. By (5.10) we have
1Zallr S TAPA2 €]l S N4V A2 €],

where we have used that |e!® — 1| < 2 for all « € R.
By collecting the previous estimates we have

d
€@l S N ATA2[E@) [ + N2V q3p(q) A2 R* £+ P N72VATE
Then, by Gronwall Lemma and condition (6.1),

€W < C (A—<1+2€> + N372N qp(q) A3 R2 42 4 ¢ 2NP25N AP t) exp (C N24N \~2f)

5 If this condition is true for all T/ > 0, one can just take T, = 4o0.
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for some universal constant C' > 0. Then, for ¢ € [0, T], where T is defined in (5.9), one has
€@ <C (A—(H?E) + N772V gp(q) A\R? + q_2N725N)\_3) exp (CN*4N).
Taking N > 1 and assuming (6.1) we have that
lE@)llr < A~F9 Ve e [0,T].

Therefore T, > T and we can drop the bootstrap assumption. This concludes the proof. [

7 Conclusion of the proofs of Theorems 2.1 and 2.2

We first construct solutions that undergo growth of Sobolev norms. Then we complete the proof of
Theorem 2.2 by assuming that the initial condition has small Sobolev norm. We prove these theorems under
the assumption s > 1. At the end, we briefly mention how it can be easily adapted for s € (0, 1).

Lemma 7.1. Fiz s > 1. Then, for N > 1 and assuming (6.1) the following holds. There exists a solution
p(t) of (3.2) such that
2
(DS < 9(s=1)(N=6).

lp(O)IIF ~

where T is the time introduced in (5.9).

Proof. We consider the solution p(t) of (3.2) such that p(0) = r*(0), where r*(¢) has been defined in (5.8).
We define

S = Z|n\28, i=1,...,N.

neA;

We start by giving a lower bound on the norm at time T in terms of Sy_»

2 2 . 2
o> Y () 2 Sz ot lon(DI
neEAnN_o -

Now we obtain a lower bound for |p,(T)| with n € Ay_s. Using the change of variables I" obtained in
Proposition 1 and the rotating coordinates (5.1), we can write the solution p(t) as

plt) = I ({ra(®) e*1}),

where r(t) is solution of the system (5.3) (the normalized equation in rotating coordinates). Now we show
that 7(t) fits into the assumption of Proposition 2 and so it is well approximated by the trajectory r* given
in (5.8). To this end, we need to check condition (6.2). Since p(0) = r*(0) we have

Ir(0) = 7Ol = [I7(0) = p(O) |2 = [I7(0) = I'(r(0)]| - (7.1)
Again by using Proposition 1, the estimate (5.10), the fact that p(0) = *(0) and (6.1) we have
Ir ()l = [T~ (p(O) |2 S AN 27,
Then, using again (6.1) and recalling also (7.1),

[7(0) — 72 (0)[| 2 S ¢ 2N38NTINTE < A2,
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Hence, r(t) satisfies the assumption (6.2) and we can apply Proposition 2 to estimate p,(T) for n € Ay_a,
where T is in (5.9). We split it as

[Pa(T)] = [ra(T)] = | Ta({ra(T) XWTI(T) = (T) X7
> | (D)) = ra(T) = (D)) = | Fal{ra(T) XOT)(T) = (T) O]

Using that T = A\?T, the definitions in (5.7) and (5.8) and Theorem 5.2 we have

_ 3. _
(1) = A ov—2(To)| = A

Now we give upper bounds for the last two terms. By the bound (6.3) of Proposition 2 we have that n € Ay _o
(taking N large enough),

7 (T) T) < Y Ira(T) = rp(T)] < A0F

nez2

We observe that this implies that
[rn(T)] < 2271

By estimate (4.11) in Proposition 1 we have
La({ra(T) €T — 1 (T) AT
La({ra(T) XTI = 1y (T) XIT

<q72)\ 3<A3
20

In conclusion, using also (6.1) and taking N large enough, we have

)

T)| > §)\_1 — At o3 > A

where C' > 0 is a universal constant. This implies

A
Ip(T)|2 > TSN—z- (7.2)
Now we claim the following
Ip(0)][3 ~ A7235. (7.3)
Since p(0) = 7*(0) is supported on A, the initial Sobolev norm is given by
23
P12 =" Inl
neA

Then recalling also the definition of 7* in (5.8) and using Theorem 5.2 we have

S.
2.5 2 2 20 2 20 ?
S O)7 < A5+ A 26273 S, < A28 (146 ZS?
neA 1#£3 i#£3
By (4.4), we have that
Si
(52sz < 5200(]\/'_ 1)eSN

— S3

i#3
for some universal constant C' > 0. Since § = e~ with a ~ large to be fixed (see Theorem 5.2), we can
take v such that 2yo > s. Then

S.

—2 20 1 —2
A28 (146 ZST, ~ AT285.
1#£3
21



F. Giuliani and M. Guardia Nonlinear Analysis 220 (2022) 112865

On the other hand

o012 = 3" 1121 = 3 a2 (0)]” = A285(1 — 67)2 = CA2S;

neA neAs

for some universal constant C' > 0. This concludes the proof of the claim. By Theorem 4.4, (7.3) and (7.2)

we have )
||p(T>||s > SN*Q > 2(5—1)(N—6). 0
1p(0)I3 Ss

Conclusion of the proof of Theorem 2.1 Fix s > 1 and C > 1. We consider N such that

log(C)
s—1"

9(s=1)(N=6) 5 (2 N N ~
Moreover, taking for instance
A= exp(5N)7

and the smaller ¢ such that
qw(q) < N—772—N)\—2(1+€)R—2

the conditions (6.1) hold. Then the growth is given by Lemma 7.1 and the estimate on the diffusion time
(2.4) comes from (5.6), (5.9).

Conclusion of the proof of Theorem 2.2 Fix s > 1,7 > 2s,C > 1 and p < 1 and recall that, for Theorem 2.2,
we consider w’s which are 1-approximable with

¥(g) = A © >1 (7.4)
and satisfy
p 1
w = 6 Z q1+logq

for ¢ large enough and any p € N. To control the initial Sobolev norm it will be crucial to control the size
of the convergents of w. Given a convergent sequence (py,qn) € Z x N we have

1
dndn+1 .

1 ’w_pn<

— <
dn (qn—i-l + Qn) dn

We deduce the following lower and upper bounds for large enough denominators of the convergents (p, g»)

QT = qn < g1 < @020 (7.5)

Since limy,— 4 o0 ¢ = 400 then, for some fixed n > 0, there exists a, &,k > 1 such that
Gn € [exp(/%aN),exp(fﬁaN)] .
By (7.5) we have that for all m > 0
Gn+m € [exp(Ra’), exp(k™a™")] . (7.6)

We shall use this fact later, because a control on the size of the successive convergents gives a control on the
upper bound of the instability time.
We consider N such that

se-nv-0) 5 €y 1os(C/w)
- p? s—1 °
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Lemma 7.1 gives the growth of Sobolev norms. It only remains to impose that the Sobolev norm of the initial
condition is of order . By (7.3) we need to ask that

lp(O)II3 ~ A™285 ~ p®. (7.7)
By (4.5) we have that
C259N=1 (25 B2 < G, < (259N —132Ns 25 p2s.
Thus we can take A2 ~ =253, which satisfies
C=9N2s Ro =1 < A < 0%2N/23Ns s R 1 (7.8)

We note that we can enlarge the above interval by choosing N much larger (that can be done, for instance,
enlarging C since N ~ log(C/p)). Recalling that R > exp(a!V) with a >> 1 (see for instance Theorem 4.4) it
is easy to see that the chosen A satisfies the first inequality in (6.1) taking N large enough. By the choice of
1 in (7.4), the second inequality in (6.1) is

1 T 1
A < R THeg2(ite) (72—NN—7)2(1+6).

We remark that e given in Proposition 2 can be considered arbitrarily small. The above inequality is
compatible with (7.8) if

1 T 1
QN/QqSRSM_l < R Theg2(i+o) (72—NN—7)2(1+6)_ (7.9)
Let us call
-
Vi=_——-"—35.
2(1+¢)
Since 7 > 2s and € > 0 is arbitrarily small we have that v > 0. Therefore if
_10s(1+7)
= U 7.10
" T—258 ( )
where 7 is the constant introduced in Theorem 4.4.
We have that, for all ¢ > exp(£a®Y) and N large enough,
1 1
¢ = 2N R e (72N NT) 200 g (7.11)

which is the compatibility condition (7.9). By the discussion above (see (7.6)) there exist k£ > & and o > 1
V), exp(ra)]

Then, one can chose A in the interval (7.8) such that the initial Sobolev norm satisfies (7.7). That is,

such that the interval [exp(Fa contains a convergent ¢ € N that satisfies (7.11).

Cu < p(0)]ls < Cp

for some C' > 0 independent of . Moreover, the chosen A and ¢ also satisfy (6.1) and (4.6) respectively.
Therefore, we can apply Proposition 2.

The upper bound (2.6) on the time 7 in (5.9) is obtained by using the bounds (7.8), the fact that
q < exp(ka’) and the upper bound of R in Theorem 4.4. We remark that by (7.10) if 7 — 2s* the
constant &, and so k, tends to +00. This means that we lose completely the control on the time 7" when 7
approaches the lower bound 2s.

Case s € (0,1) The proofs of Theorems 2.1 and 2.2 with s € (0,1) follow the same lines as the ones for
s > 1. For full details we refer to [28]. The main difference is that we need to consider initial data supported
on Sy_o. The energy moves from Sy_s to S3, hence we get

(D2 o S5 o 9(1-5)(N—6)_
[p(0)[[2 ~ Sn—2 ™
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