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ON SMALL BREATHERS OF NONLINEAR KLEIN-GORDON EQUATIONS VIA
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EXPONENTIALLY SMALL HOMOCLINIC SPLITTING

OTAVIO M. L. GOMIDE, MARCEL GUARDIA, TERE M. SEARA, AND CHONGCHUN ZENG

ABSTRACT. Breathers are nontrivial time-periodic and spatially localized solutions of nonlinear dispersive
partial differential equations (PDEs). Families of breathers have been found for certain integrable PDEs
but are believed to be rare in non-integrable ones such as nonlinear Klein-Gordon equations.

In this paper we consider semilinear Klein-Gordon equations and prove that single bump small amplitude
breathers do not exist for generic analytic odd nonlinearities.

Breathers with small amplitude can exist only when its temporal frequency is close to be resonant
with the Klein-Gordon dispersion relation. For these frequencies, we identify the leading order term in the
exponentially small (with respect to the small amplitude) obstruction to the existence of such small breathers
in terms of the so-called Stokes constant. We also construct generalized breathers, which are periodic in
time and spatially localized solutions up to exponentially small tails.

We rely on the spatial dynamics approach where breathers can be seen as homoclinic orbits. The birth of
such small homoclinics is analyzed via a singular perturbation setting where a Bogdanov-Takens bifurcation
is coupled to infinitely many rapidly oscillatory directions. The leading order term of the exponentially
small splitting between the stable/unstable invariant manifolds is obtained through a careful analysis of the
analytic continuation of their parameterizations. This requires the study of another limit equation in the
complexified evolution variable, the so-called inner equation.
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1. INTRODUCTION

Breathers are nontrivial time-periodic and spatially localized solutions of nonlinear dispersive partial
differential equations (PDEs). This kind of solutions play an important role in physical applications and the
interest in their existence or breakdown gives rise to a fundamental problem in the study of the dynamics of
such PDEs.

So far breathers have been constructed mostly for completely integrable PDEs. As far as the authors
know, the sine-Gordon equation

(sG) O2u — 0%u + sin(u) = 0,

is one of the first PDEs found to admit a family of breathers (see [I]), which is given explicitly by
i t

(1.1) Uy (z,t) = 4arctan (ZM) . omyw >0, m?+w? =1,

They are viewed as the locked states of a kink and an anti-kink. Along with spatial and temporal translation,
the breathers form a 3-dim surface in the infinite dimensional phase space of (sGl).

1.1. Existence/non-existence of small breathers of nonlinear Klein-Gordon equations. The sine-
Gordon equation is a particular case of the family of nonlinear Klein-Gordon equations in one space
dimension. In this paper, through a bifurcation approach in a singular perturbation framework, we study
the existence/non-existence of small breathers of a class of nonlinear Klein-Gordon equations

(1.2) Ofu — u+u — %u3 — f(u) =0,

where the nonlinearity f satisfies

(A) f(u) is a real-analytic odd function near 0 and f(u) = O(u®).

While their signs are natural restrictions, the coefficients 1 and % in the above equation are not. In fact,

given any nonlinear Klein-Gordon equation (02.v — 0% )v + F(v) = 0 with a smooth real valued odd function
F(v) with F(0) > 0 and F"'(0) < 0, it is always possible to rescale v(X,T) = Au(aX,aT) so that u(x,t)
satisfies (1.2)).
Let w > 0 denote the temporal frequency of a possible breather u(z, t) of (L.2)). A solution u(z,t) of
2

is a breather of temporal frequency w if u(z,t) is Z¥-periodic in ¢ and

in some appropriate metric. Any real valued function %”—periodic in ¢t can be expressed as a Fourier series

+oo .
(1.3) )= (—;) Une ™, u_, = T,

n=—oo
where the factor 7% is purely for the technical convenience when the problem is reduced to functions odd
in ¢ represented in Fourier sine series. We denote

400 +o00
u(tye ™t ulle, = Y funl = Y [Hafu]l-

n=—oo n=—oo

(1.4) IL, [u] = up, = =
77

€
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FIGURE 1. Multi-bump (left) and single-bump (right) functions according to Definition

Sometimes, with slight abuse of the notation, we also use IT,[u] to denote the mode —%unem“’t. The above

norm || - ||¢, is invariant under rescaling in ¢. As we shall also take the advantage of the energy conservation

of (1.2) as an evolution problem with the dynamic variable x, Sobolev norms like || - ||H,c (-z.2) will be
\=55

involved as well. Our first main theorem, Theorem below, is on small breathers of a single bump in z
(see Figure [1)).

Definition 1.1. Let o € (0,1) and w > 0. We say that a 2% -periodic-in-t function u(z,t) is o-multi-bump
in x in the £y norm (or in some other norm such as Htl((—g7 g))) if there exist 1 < x2 < 3 < T4 < Tj
such that

max{Ju(zs,, ey | n € 1,35} < omin[[uzy, e, | ja € 2,4

A function u(x,t) is said to be o-single-bump if it is not o-multi-bump.

The following theorem is the main result of this paper. It is a corollary of the much more detailed Theorem
[I.3] proved through a spatial dynamics approach.

Theorem 1.2. Assume f(u) satisfies hypothesis , then the following hold.
(1) There exists Ci, € C, which depends on f(-) analytically, such that if Ci, # 0, then for any o € (0,1),
there exists p* > 0 such that there does not exist any solution u(z,t) to which:
(a) is 2X-periodic in t for some w > 0,
(b) is o-single-bump in the ¢ norm in the sense of Deﬁm’tion
(c) satisfies that, as |x| — 400,

(d) satisfies
(1.6) sup |lu(z, )|, < min{1, p*w?}.
rzeR

(2) There exist M,eq > 0, such that for any

1
e k>1
YT Rk +e2) =5

and e € (0,e0), there exist infinitely many 2= -periodic-in-t solutions u(z,t) (referred to as generalized
breathers) such that

_ 2V 2kew
cosh Vkewz
Moreover, if Cy, # 0, then it also holds

3
S R L

u(x,t —_
(%) k2 cosh Vkewz €

Sinkwt’ < M(

o VE e
lim inf (lullmy-z.2) + [0etlliz-z.2)) = e "

Here the constant Cj, is often referred to as the Stokes constant in the literature, which is the coefficient
of the leading order term in an associated exponentially small splitting phenomena (See Subsection for
more discussions on Cj,).It depends on the full jet of the real analytic nonlinearity f(u) and it is not given
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by a closed formula (see Section . However it depends analytically on f in the sense of Lemmabelow.
Namely, for any f(u,c) analytic in both v and ¢ € CV, C}, is also analytic in ¢. While apparently C;, = 0
for (G)), as it possesses the single-bump arbitrarily small breathers (1.1), the analyticity of C;, implies that
it should be nonzero for generic f. In fact, this is rigorously proved in Appendix |[C| when is analyzed
close to through a leading order perturbation analysis based on some calculations derived in [18§].

Note moreover, that Cj, depends only on f. In particular, it does not depend on the frequency of the
breather w. This implies that just one condition (Ci, # 0) rules out the existence of single-bump small
amplitude breathers of any frequency.

It is also worth pointing out that, for a function 2f—periodic in ¢, while the norm || - ||¢, is at the same
level as || - ||z~ in scaling, the smallness in the theorem (see (L.6))) is measured uniformly in w in terms
of w2 ||u(z,-)||s, comparable to | - [z in scaling. As this norm is weaker than || - ||z, clearly the above
theorem also implies the nonexistence of single-bump localized solutions, small in the /energy norm (as in
(1.5) ), under the assumption Ci, # 0.

Theorem is only concerned with small single-bump-in-z breathers. Clearly if u(x,t) is o-multi-bump,
then it is also multi-bump for any ¢’ € (o, 1). Hence the constant p, of the smallness increases as o increases.
Even if Ci, # 0, it does not rule out possible small amplitude periodic-in-¢ solutions which decay as |x| — oo
but with multiple bumps.

While small single-bump breathers are not expected for with most f(u) satisfying , statement
(2) of Theorem indicates that the more generic phenomenon is the existence of small breathers with
exponentially small, but non-vanishing, tails for w slightly smaller than each % This is consistent with the
fact that small breathers have periods slightly greater than 2k7. They actually form submanifolds
of finite codimension. These small single-bump breather-like solutions to are the superposition of a
small exponentially localized-in-x wave of the order O(ak’%e"’:kf%‘f‘)
order O(késfle* G ). In the non-degenerate case of Ci, # 0, the infimum of the tails of such generalized
breathers is also bounded below by this exponential order differing by a factor of £ (only due to a simplification
of the norms), see Theorem for the optimal statement. Recalling that the breathers of form a 3-dim
manifold in the infinite dimensional space of solutions, the generalized breathers actually form a family of
finite codimension. See Theorem and Theorem 2.1] and remarks thereafter for more details.

While the (sG|) breathers (1.1) are obtained based on the complete integrability of , in general
the existence of breathers for nonlinear wave equations is rareﬂ (see [18, 60]). Hence it is a fundamental
question whether the existence of breathers is a special phenomenon due to the integrability or it occurs
more generally. The importance of breathers also lies in that they may serve as building blocks organizing
the infinite dimensional dynamics of the underlying evolutionary PDE. In a recent paper [12], Chen, Liu,
and Lu proved the soliton resolution of based on the integrable theory. Namely, in certain weighted
Sobolev norm, solutions to decay (at an algebraic rate) to a finite superposition of kinks, anti-kinks,
and breathers, where breathers are the only spatially localized class. Therefore breather type structures
could play a crucial role in the asymptotic dynamics of the nonlinear Klein-Gordon equations. In particular,
unlike relative equilibria such as kinks, standing waves, etc., breathers may be of arbitrarily small amplitude
and energy and thus give rise to obstacles to possible nonlinear dispersive decay or scattering of small
solutions. (Small amplitude breathers become large in certain weighted norms adopted in some literatures,
e.g. [32, [15 12] etc.)

For non-integrable Klein-Gordon equations, the existence of (small amplitude) breathers is a completely
different (and much harder) problem due to the lack of effective tools such as inverse scattering methods.
In the seminal work [568] from 1987, Kruskal and Segur used formal asymptotic expansions to justify the
nonexistence of small O(e) amplitude breathers in a class of nonlinear Klein-Gordon equations for close
to resonant frequencies. The obstacle to solving for breathers is exponentially small in ¢ < 1. For the
last 30 years, as far as the authors know, no rigorous justification of their leading order exponentially
small asymptotics had been given. Theorem (and Theorem below) not only provides a proof of the
Kruskal and Segur’s exponentially small leading order expansion (for generic odd analytic nonlinearities)
but also extends the non-existence of small amplitude breathers to all frequencies and constructs generalized
breathers.

and an L33 perturbation up to the

10On the contrary breathers are more likely to exist in Hamiltonian systems on lattices, see for instance [44} [43], [70, 54} [55].
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In [37], the authors proved that small breathers odd in 2 do not exist for . The oddness is, however,
contrary to the well-known examples — the breathers are even in z. In the generic case of Theorem
where does not have small breathers, the asymptotic behavior of small solutions in the energy space
HI(R) x L2(R) is a natural but intriguing question. The nonlinear Klein-Gordon equation is quite
different from the one studied in [61] (see also [10]) where slow radiation was proved when an extra potential
term V(z)u creates an isolated oscillatory eigenvalue of the linear problem. In contrast, does not
contain such a term and its small breathers/generalized breathers have temporal frequencies slightly less
than 1, which is the end point of the continuous spectrum of linearized at OE|

In [I8, 19, 11], Denzler and Birnir-McKean-Weinstein studied the rigidity of breathers, namely, the per-
sistence of (families of) breathers when is perturbed as

O2u — O%u + sin(u) = eA(u) + O(e?),

where A is an analytic function in a small neighborhood of u = 0. They proved that breathers corresponding
to infinitely many amplitudes m = v/1 — w? persist only if A(u) results from a trivial rescaling of . In
[35], was also singled out as the only 1-dim nonlinear Klein-Gordon equation admitting breathers in
certain form (see also [45]). Even though for small amplitude, might also be viewed as close to (sG)),
our approach is rather different from doing so.

In [56], temporally periodic and spatially decaying solutions were found for the nonlinear Klein-Gordon
equation with cubic nonlinearity, i.e. f(u) = 0, for x € R3. These solutions are close to some stationary
solutions (not necessarily small) with O(1/|z|) spatial decay. Such decay, which is too slow for the solutions
to be in the energy space, is due to the 3-dim Helmholtz equation, whose solutions would only be in L™
and oscillate if x € R'. Hence these solutions are more analogous to the generalized breathers constructed
in [59 in 1-dim.

Even though the generalized breathers u(x,t) obtained in Theorem|[1.2|are not in the energy space H}(R) x
L2(R), conceptually they do shed some light on the dynamics of (1.2). Assume k = 1 for simplicity. Let
v € C°(R,R) be a cut-off function satisfying v(s) = 1 for |s| < 1 and u(x,t) be a sufficiently smooth
generalized breather (see Theorem and Remark [2.2)). Consider the solution a(z,t) to with initial
value 7(5%6_@33)(11(33, to), Oyu(x, tg)) for some to. Roughly its H} x L2 norm is of the order O(y/2). The
propagation speed of being equal to 1 implies that @ is periodic in ¢ for |z|,t < (9(6‘36@). Hence,
this exponential time scale has to be relevant in studying the asymptotic dynamics of small energy solutions
of . Generalized breathers or traveling modulated pulse solutions of with tails bounded above by

certain exponentially small order had also been obtained in [28, [4].

1.2. Breathers and generalized breathers via spatial dynamics. The spatial dynamics method (see,
e.g. [36, 69]) is often an effective approach in constructing certain coherent structures for nonlinear PDEs
where a spatial variable x plays a distinct role. In such a framework, the desired solutions are sought as
special solutions in an evolutionary system where this x is treated as the dynamic variable.

Fix a temporal frequency w > 0. Considering x as the evolutionary variable, given any 2U’T—periodic-in-ﬁ
initial values (u(O, ), Oz u(0, ))7 the nonlinear Klein-Gordon equation defines a well-posed dynamical
system (evolving in z, with w as a system parameter) in appropriate spaces of %’“—periodic—in—t functions. This
dynamical system has a Hamiltonian structure with the standard symplectic structure and the Hamiltonian
energy

H= /_E (;(aggu)2 + %(atuf — %u2 + %u‘* + F(u)) dt,
where F(u) = fou f(s)ds. In this system the trivial state 0 is stationary, and breathers correspond to orbits
homoclinic to 0, namely, orbits which converge to 0 as both x — £oo. They usually belong to the intersection

between the stable and unstable manifolds of 0. In the spatial dynamics framework of ([1.2)), the dimension
of the hyperbolic eigenspace of 0 is finite and increases by 1 as the frequency w decreases through %

2Breathers have also been proven not to exist for some generalized KdV equations and the Benjamin-Ono equation, see
[49] 50].
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FIGURE 2. Multi-bump (left) and single-bump (right) solutions in the spatial dynamics framework.

We divide w € RT into two primary classes

1 1

(1.7) Ii(g0) = [ ThEe) ) ,keN, and Jy(eo) = 1 1

k+1"\ k(k+¢ed)

(k+e3) k

where 0 < g9 < 1/2 is a parameter to be determined later. Note that Jy(gg) = [1,00) and (0,00) =
(Urendr) U (Uk>oJk)-

Roughly speaking, when w € Ji(gg), the hyperbolicity of the linearized at 0 is strong enough to
prevent the existence of small homoclinic orbits. In contrast to the case of Ji(g¢), when w decreases through %
and enters I (gg), the linearized is only weakly hyperbolic in the newly generated hyperbolic directions
and small homoclinic orbits may appear through a homoclinic bifurcation. This is actually consistent with
the fact that the periods of small breathers are close to 2km.

The following theorem rephrases (and implies) Theoremin terms of invariant manifolds and is obtained
through a careful analysis of the spatial dynamics of near 0. In the intervals I (go) it requires the study
of the exponentially small splitting between the stable and unstable manifolds of 0.

Note that the notion of single-bump and multibump breathers (see Definition gets translated to
homoclinics as seen in Figure [2|

>, ke Nu{0},

Theorem 1.3. Assume f(u) satisfies hypothesis (A)). Then the following statements hold.
(1) There exists p; > 0 such that for any eo € (0,1/2], w € Ji(eo), k € NU{0}, if u(,t) is a 2Z-
periodic-in-t solution to (1.2)) satisfying (1.5) as © — 400 or —oo, then
sup [[u(e, e, = i min{l, ow?}.
EAS
(2) There exist £9, M > 0 such that for

1
1.8 =/——— €1 , Vk>1,
(1.8) ©=\ T e € ) =
there exist %”—pem’odic and odd in t solutions u}, (z,t), x = s,u, to (1.2)), only containing Fourier
modes n € kZ with odd 3 in (1.3)), such that
(a) Forxz >0 for x=s and x <0 for x = u, they can be approximated as

1 uby(z,t h
(1-9) (1 - (kw)QatQ) <<8mu1§,(k(x,t))> - \/an ((;}h)('i;/%cf)%)) sin kWt> < Mk_%g?’vh(g\/gwa
\/EEUJ A
where v"'(y) = Cify ;

(b) They also satisfy I, [0,uk, (0,-)] =0, x = s,u, and

_ V2kx
V3Ex Me™ =

H (|-07 — 1|% (ulty — uSn) + 10z (ugyy — uy))(0,8) — 4NV2Ce” = sin 3kwt

S 1 ?
6~ slogk —loge
where Cy, is the Stokes constant determined by f as given in Theorem[1.3
(c) There always exist infinitely many 2?7'-pem’odz’c—in—t solutions u(x,t) such that
1 1 _ 2kx
H' - 8152 - 1| 2 (u - u:vk)(xv ')HL%(,%yg) + Haﬂv<u - u:vk)(mv .)HLf(fg,f) < Mkze ¢

for all x > 0 with x = s and x < 0 with x = u.
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(3) Suppose Ciyn, # 0, then for any o € (0,1), there exist ey, M, p5 > 0, where eg and M also satisfy the
properties in (2), such that, if w satisfies (1.8), then
(a) those generalized solutions u(x,t) in (2¢) also satisfy

H‘ - atz - 1|%(u - u:vk)(xa )||Lt2(_g7g) =+ Har(u - u:vk)(zv')HLf(_g)g) > ﬁkéei S

for all x > 0 with x = s and x < 0 with x = u.
(b) and if u(z,t) is a 2 -periodic-in-t solution to (1.2) satisfying (L) as |z| — co and

sup [lu(z, -)[le, < p3vw,
z€R
then u(x,t) is o-multi-bump in the £1 norm.

For frequencies w € Ji(gp), statement (1), which is proved in Section [8| implies that all orbits on both
the stable and unstable manifolds of 0 leave a small neighborhood of 0 (worth noting that pj is uniform in
w). Therefore there are no small orbits homoclinic-in-z to 0 for such w € Ji(ep).

In the other case of w € Ix(go), statement (2a) indicates that there exist special small solutions u%, (x,t),
* = s,u, of amplitude O(ek_%) on the (2k + 1)-dimensional stable/unstable manifolds of 0, both of which
are well approximated with errors of the order of O(ESIC_%) by the exponentially localized v"(x) after
some rescaling. The scale O(Ek_%) of their amplitudes and of their spatial variable x is due to the cubic

nonlinearity and the scale of the weakest hyperbolic eigenvalues.

The most significant result of the whole paper is statement (2b), which gives the precise leading O(e™ ﬂjﬁ)

order term of the splitting between uy, and ug,, with the leading coefficient Ci, € C often referred to as
the Stokes constant. The relative scale between u and J,u is consistent with the quadratic part of the
Hamiltonian H, where | — 97 — 1| is somewhat degenerate of the order O(k~'e?) when applied to the k-
th Fourier mode e™**t. Intuitively, the exponentially small upper bounds may be viewed as coming from
oscillatory integrals involving analytic functions and can be derived from normal form transformations. Here
we stress that the precise exponentially small leading order approximation is obtained for this problem which
has infinitely many oscillatory directions (more explanations below).

In addition to the derivation of Cj, from the invariant stable foliations in Section (see also the heuristic
ideas explained in Section, we also give another perspective based on Borel summation of divergent series
in Section @ and conjecture a possible algorithm to compute Cj,.

If Ci, # 0, one may expect the non-existence of (at least single-bump) small homoclinic orbits, which is
statement (3b). The proof is given in Section [} Observe that, combining (1) and (3b), we obtain statement
(1) of Theorem In particular, for w € I(ep), the non-existence is proved in a neighborhood of order
O(k~2) with a constant uniform in w, which is much greater than the size O(ek™2) of the candidates of the
homoclinic orbits.

Even if single-bump breathers may not exist, namely, the stable and unstable manifolds of 0 may miss each
other by an exponentially small distance, we prove that the center-stable and center-unstable manifolds of 0
intersect transversally and produce an invariant submanifold of finite codimension homoclinic to the center
manifold, consisting of generalized breathers of the nonlinear Klein-Gordon equation (1.2). Statements (2c)
and (3a) provide more detailed estimates on the generalized breathers than Theorem

As u},, * = u, s, are special solutions of high regularity, the norm in on their approximations actually
could be refined to be H{* basically for any n > 0. In contrast, since the set of generalized breathers is of
finite codimension in the phase space of the spatial dynamics, the norms in (2d) and (3a) arising from the
quadratic part of the Hamiltonian H are not expected to be improved.

1.3. Framework of the proof and further discussions. We fix the frequency w > 0, let 7 = wt, and
first look for solutions to the nonlinear Klein-Gordon equation (1.2)) which are 2w-periodic in 7 and decay to
0 as either  — +o0 or x — —oo. In the (z,7) coordinates, equation (1.2]) takes the form

1
(1.10) w?02u — 02u +u — gu?’ — flu) =0.
Denote

1
(1.11) g(u) = su® + f(u).
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In terms of the Fourier series expansion (see also (1.4))), we obtain
(1.12) (02 + n*w? — Vu, = 11, [g(u)], n€Z.
The eigenvalues of the linearization of at 0,
0?u — w?0*u —u =0,
are +v,, where
o= TR,
and their eigenfunctions can be calculated using the Fourier modes.
Assume w € [k%rl, +) for some k > 0. For 0 < |n| < k, the eigenvalues +1,, are hyperbolic, while the

center eigenvalues +v,, = +i,, ¥, = vn?w? — 1, correspond to |n| > k + 1.
If w € Ji(go) (see (L.7)), where g € (0, 3], then the smallest hyperbolic eigenvalues satisfy

v > \/1:-753 > min{1, ;ﬁ}

Based on the general local invariant manifold theory (see, e.g. [I4]) and this spectral gap along with the
cubic nonlinearity of wave type equation , one expects that the local stable/unstable manifolds are
close to the stable/unstable subspaces in a neighborhood of radius of the order (’)( min{1, 2% ) Therefore
they cannot intersect in such a small neighborhood to produce homoclinic orbits. This argument is carried
out uniformly in k£ and w in Section |8 and statement (1) of Theorem follows consequently.

For w € I;(go), where k > 1 and €o € (0, 3], v can be arbitrarily small. The different scales in « in these
weakly hyperbolic directions and the other much faster directions make the local dynamics of near (
a singular perturbation problem. To be more precise, let

(1.13) e % (; - k2> € (0, 20)

and consider the following scaling of the amplitude and z,
(1.14) u = eVkwv and y = eVkwz.
Thus u(z, 7) satisfies ([1.2)) if, and only if, v(y, 7) satisfies

1 1 1 1
2 2 3 —
(1.15) v — szkaTU ~ 32 + 3V + a3k%w3f (5\/@11}) =0,

which is a Hamiltonian PDE in the dynamical variable y with the Hamiltonian

((ayv)2 ) S F(g\/va)> o

(1.16) H(v, Oyv) = / 9 202k 22kw? | 12 etk2wh

T

where F' is the real analytic function such that F’(z) = f(z) and F(z) = O(2%). Using the projection II,, in
(1.4) and denoting - = d/dy, we obtain (see ((1.12)),

. (n?w? — 1) 1
(1.17) Un=—"p 3 Un~ ETEND II, [g(E\/va)] , n€Z.

By (LT3,

1 1 1
Ap = Z NQ_E 25, for each |n| # k.
Using this notation, (|1.17) becomes
b = A L [g(evRw)] L Il <k
VUp = U, — — 11, S wv 5 n 5
€2 e3k3 w3 g
. 1
(1.18) Vi = Vg — 37§Hik {g(ex/ﬁwv)} ,
e3k2w3
. A2 1 H[(E\/E )} ol > k
Uy = ——F U, — —— 11, wv 5 n .
g2 e3k5 w3 g
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A1

FIGURE 3. Real positive homoclinic (1.22)) to 0 of the Duffing equation (1.21)) in the critical manifold M.

Since v_, = —7y, actually we need to consider n > 0 only. Notice that (ckzw) 3g(evkwv) = O(|v]?) is
smooth with bounds uniform in ev/kw. The stable and unstable invariant manifolds W#*(0) and W*(0) of
2k + 1 real dimensions correspond to solutions v* and v* of (|1.18) satisfying the asymptotic conditions (see

also Corollary
(1.19) lim v)(y)= lm o) (y)= lim vi(y)= lim o.(y)=0, forall neZ.
Yy——00

y—+oo y—+o0 y——00
The singular perturbation problem can be written as
EVp = ApWy
Eliy = ApUn — A7 te k™ 2w 3T, {g(ex/ﬁv)} . In| <k,
(1.20)

n

ey = — Aty — Ale k=3 w310, {g(sﬂwv)} , n| > K,

Do = vap — (evVhkw) 3Ty {g(ax/ﬁwv)} .
The singular limit of this system as € — 0 defines a critical manifold
M ={(v,w) | v, = w, = 0for alln # +k}

of real dimension 4 due to v_,, = —v,. The limiting dynamics on M is given by the Duffing equation
. 1 ikT\) S 1
(1.21) VU = v — gﬂk[(lm(vke k )) ] = — Z|v;€|2wf

which is integrable. It is known that in (1.21]) the 2-dim stable and unstable manifolds of 0 coincide. In
particular, it has a unique real homoclinic orbit to 0 satisfying vy > 0, which is given by

2v/2

(1.22) vp = 0" (y) = cosh(y)’

(see Figure |3).

Outside the singular limit problem defined on the 4-dim M, if the fast directions in the full singular
perturbation system had been hyperbolic, then a 4-dim slow manifold close to M would persist for small
€ > 0. The Hamiltonian structure and the symmetry of the problem would lead to persistent homoclinic orbits
on the 4-dim slow manifold, which would give rise to small breathers. This mechanism indeed happens in the
construction of some special solutions in some nonlinear PDEs (more of the elliptic type and not necessarily
in a singular perturbation framework, see, e.g. [48]). However, starting with a wave type nonlinear PDE
like , the fast dynamics in the singular perturbation problems, resulted from the spatial dynamics
framework, are mostly elliptic/oscillatory. In these cases, slow manifolds usually do not persist for small
€ > 0 and we are forced to analyze the splitting in the whole infinite dimensional phase space. One may
also try directly applying the Melnikov method to analyze the persistence of homoclinic orbits for
for small € > 0. However, in this problem, the Melnikov function turns out to be very degenerate
and does not give the correct asymptotic distance between the perturbed stable and unstable manifolds of
0. Consequently, it is not useful to analyze the existence of homoclinic orbits for small £ > 0.

In this paper we prove that “typically” W#*(0) and W*(0) of do not intersect to produce single-
bump homoclinic orbits for 0 < ¢ <« 1. More importantly, we give the exact exponentially small (with
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respect to 0 < € < 1) leading order approzimation of their splitting difference by studying another singular
limit obtained after allowing y to become imaginary.

The Duffing equation has a one-parameter family of homoclinic orbits to 0 with v? = v"e, 6 € T.
All the results given in this paper also hold for these other homoclinic orbits due to the translation invariance
in ¢ of equation .

The core of the proof of most of the results in Theorem [I.3] (statements (2) and (3a)) is for the case k =1,
w € I1(ep), and under the oddness assumption in ¢, carried out from Section [2f to Section [7] More detailed
results in this case can be found in Theorem Finally the reduction of the general case to this special
one and the completion of the proof are in Sections [§ and [0

Generalized breathers as well as some other similar types of solutions had been obtained through this
spatial dynamics framework, but often with only upper bound estimates on the tails, instead of their precise
orders or lower bounds. In [41], Lu derived generalized breathers with tails bounded by O(e™%) for some
¢ > 0. In order to obtain such estimates, partial normal form transformations as in [5I] were applied
roughly (9(%) times to reduce the error terms to be exponentially small. In a sequence of papers, Groves
and Schneider considered small amplitude (order O(e)) modulating pulse solutions to a class of semilinear
[28] and quasilinear [29] [30] reversible wave equations. These are solutions consisting of pulse-like spatially
localized envelopes advancing in the laboratory frame and modulating an underlying wave-train of a fixed
wave number £ > 0, which are time-periodic in a moving frame of reference. They would become breathers
if £ = 0. For quasilinear reversible wave equations, Groves and Schneider constructed solutions w(z,t) of
this type with tails bounded by O(efﬁ) but only defined for |z| < O(eVZ). The finite length of the domain
in x was mainly due to difficulties arising in quasilinear PDEs. In the semilinear case, such solutions could be
derived globally in z,t € R with the same estimates on the tails. The upper bounds of the modulating pulse
solutions were also obtained by making the error terms small through consecutive applications of partial
normal forms, e.g. as in [34]. Unlike [4I] and the current paper, their derivation of the intersection of the
center-stable and center-unstable manifolds, which leads to the modulating pulse solutions, was based on
the reversibility and thus those solutions are also symmetric about time reversion. Even tough is also
reversible, in the current paper, as in [59], 41], this intersection (of finite codimension) is proved based on
the positivity of the conserved energy in the center direction, where the reversibility plays very little role.

1.4. Birth of small homoclinics via “eigenvalue collision”: Exponentially small splitting of
separatrices. On the one hand, breather solutions are rare for nonlinear Klein-Gordon as well as other
dispersive PDEs. So far most of breathers have been found for completely integrable PDEs. On the other
hand, the above discussion indicates that the collision of eigenvalues at 0 as certain parameters vary, even if
typically does not generate small breathers, it does generate small breathers with much smaller tails.

In general, suppose one seeks certain special solutions to an N-dimensional system, N < oo, which can be
reformulated into small homoclinic orbits to the steady state 0 in another system (P,,) involving a parameter
a. Assume the following happens in (FP,).

(a) “Figenvalue collision” at o« = 0. Namely, in a neighborhood of 0 € C, there are exactly two
eigenvalues +A(a) ~ ++/a (modulo symmetries, but counting the algebraic multiplicity) of the
linearization of (P,) at 0. As « varies, they move towards 0 from the imaginary axis iR and then
move into the real axis R after coinciding at 0 when o = 0.

(b) The normal form of the local nonlinear system (P,) near 0 projected to the 2-dimensional eigenspace
M associated to £A(«) is equivalent to

i — Ao ut+u™ =0, m>2

where the “+” sign matters only when m is odd. Apparently this normal form system has one or
2
two small homoclinic orbits of amplitude O(A(a)™-1) for 0 < o < 1.

If the whole system (P, ) is 2-dimensional, it is actually one type of the Bogdanov-Takens bifurcations.
If, in addition, there is a conserved quantity, then a small homoclinic orbit exists for all small o > 0.

When (P,) is of higher dimensions, then the dynamics in the directions transversal to M is at a fast scale
and thus (P,) is a typical singular perturbation system.
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If the fast dynamic is hyperbolic, then by the standard normally hyperbolic invariant manifold theory, a
2-dimensional slow manifold M, persists for 0 < a < 1 and the question of the existence of small homoclinic
orbit can be reduced to M,,.

However, if there are fast elliptic/oscillatory directions, then there does not necessarily exist a slow
manifold and one cannot reduce (P,) to 2 dimensions. Without such reduction, one is forced to find small
homoclinic orbits as the intersection of the 1-dimensional stable and unstable manifolds W**(0) of 0 close to
M in the N-dimensional phase space of (P, ), but this is highly unlikely due to the too many fast oscillatory
dimensions. Homoclinic orbits are generated via such eigenvalue collision mechanism only in some very
lucky /rare systems, such as the completely integrable (sG|) where the family of breathers actually can be
extended to large amplitudes.

In a generic system, while W*#(0) do not intersect, the existence of a conserved quantity whose Hessian
is positive definite in the center direction of the linearized (P,) at 0 often ensures the transversal intersection
of the center-stable and center-unstable manifolds W¢¢%(0). This intersection yields a finite co-dimensional
tube homoclinic to the center manifold. The splitting distance between W**(0) determines how close this
homoclinic tube is to 0, corresponding to how small the tails of the generalized breathers of the nonlinear
Klein-Gordon equations can be. Regarding the splitting distance, the strong averaging effect of the fast
oscillations actually makes W**(0) very close to each other — usually O(a™) if (P,) has finite smoothness

and O(eiﬁ) if (P,) analytic. A leading order approximation such as the one obtained in Theorem
provides accurate information of the splitting and also sheds light for the future study of scattering maps
[16] induced by the homoclinic tube and multi-bump homoclinic orbits.

To summarize, the mechanism of eigenvalue collision leading to a Bogdanov-Takens type bifurcation
embedded in a normally elliptic singular perturbation problem is primarily responsible for the birth of small
homoclinic orbits/generalized breathers for the nonlinear Klein-Gordon equation . It yields exact
breathers in some very special cases such as the completely integrable (sG)).

This coupling between the eigenvalue collision mechanism and fast oscillatory directions also occurs in
some local bifurcations of Hamiltonian/Reversible/Volume preserving systems, such as the Hopf-zero or
Hamiltonian Hopf bifurcations (|21} 4, 23] [5] [6]), and it is fundamental in the construction of solitary and
traveling waves in PDEs and lattices [2], 20 [63, [39] 62], 40, [64] [65], 53]. However, in most of the papers the
fast oscillatory directions are finite (often two) instead of infinite as is the case in the present paper.

In fact, this mechanism leads to what is usually called exponentially small splitting of separatrices, a
phenomenon that usually arises in analytic systems with two time scales with fast oscillations and slow
hyperbolic dynamics with a homoclinic loop (also called separatrix) as in the setting explained above. Other
settings are the resonances of nearly integrable Hamiltonian systems and close to the identity area preserving
maps. Analysis of such phenomena is fundamental in the construction of unstable behaviors in these models
such as Arnold diffusion or chaotic dynamics.

The study of the exponentially small splitting of separatrices goes back to the seminal paper by Lazutkin
[38] which dealt with the standard map. His strategy can be described as follows:

(1) The singular limit (that is in the current paper) has a homoclinic orbit whose time parame-
terization is analytic in a strip containing the real line and has singularities in the complex plane.

(2) One can look for parameterizations of the perturbed invariant manifolfs which are close to the
unperturbed homoclinic. They can be extended to complex values of the parameter which are close
to the singularities of the unperturbed homoclinic with smallest imaginary part.

(3) One analyzes the difference between the perturbed invariant manifolds close to these singularities.
To this end, one has to look for the leading order of the perturbed invariant manifolds in these
complex domains. Then, one is encountered with two different situations:

(i) In some problems, the perturbed invariant manifolds are well approximated by the unperturbed
homoclinic also near its singularities. In this case, one can show that the classical Melnikov
method gives the first order of the difference between these manifolds.

(ii) In most of the problems, like the problem at hand, the unperturbed homoclinic is not a good
approximation of the perturbed invariant manifolds in these complex domains. Therefore, one
must look for new first order approximations. These first orders are solutions of the so-called
inner equation, which is a limit equation independent of the perturbative parameter.

The analysis of this inner equation gives the asympotic formula for the difference between the
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invariant manifolds. In particular, it provides the Stokes constant Cj, appearing in Theorems
L2 and @31
(4) The last step is to translate the analysis in the complex domain to the real parameterizations of the
invariant manifolds.

In the last decades these strategy or similar ones relying on analytic continuation of the parameterization
of the invariant manifolds to rigorously validate the Melnikov method (setting 3(i) above) has been applied
to different problems [33] 57, [I7, 25, [§]. Other methods using direct series expansions can be found in
[22] 67, 68].

Several works using the analytic continuation of the parameterization of the invariant manifolds and an
inner equation can be found in [26] 24] [46] [47] for near identity maps, [27, 62} [3, [7] for Hamiltonian systems
with fast periodic forcing and [9, [l Bl 6, 21] for local bifurcations.

This is the strategy that we follow in the present paper. It is explained heuristically in more detail in
Sections[2.1]and 2.2l Exponentially small splitting has also been studied by other methods such as continuous
averaging [66].

2. ANALYSIS OF THE FIRST BIFURCATION (k = 1) WITH ODDNESS ASSUMPTION IN ¢

We devote this section to analyze the stable and unstable manifolds of v = 0 and their splitting for

equation (1.15) with k =1 and w € I1(g9) (see (1.7)). function f(7) as in (2.2)), we consider the associated
¢1-norm of its Fourier coefficients To make the function space setting precise, recall the norm || - ||¢, defined

in (1.4) which is simply the ¢; norm of the Fourier coefficients in 7. Since

Hf1f2||41 < Hf1||51||f2||417
treating y as the evolution variable, the local-in-y well-posedness of (1.15) with (v, d,v)(y,-) € X where

(2.1) X := {(v,w) | v,w are 27-periodic in 7 and ||(v,w)||x = |[v]le, + (1 + |0-]) " w|le, < 00}

follows from a standard procedure. Here the operator |0;| is simply the multiplication of |n| to the n-th
Fourier modes for each n. For some results where the conservation of energy is used, we also consider the
energy space H! x L? which is a dense subspace of X where is also well-posed.

Due to the oddness assumptions on f, the subspace

X, ={(v,w) € X|v,wareodd in 7} C X

of 27-periodic odd functions of 7 is invariant under the flow of (1.15]), so we first restrict the analysis to this
subspace.
For such odd functions (of real values) of 7, the Fourier series (1.3) turns out to be

—+oo .
4 iNT __ : _ _
(2.2) v(t) = Z (—2) vpe"T = Z vpsin(nt), 7T=wt, ,v]=v, €R, neN.

n=-—o00 n>1

With a slight abuse of notation, sometimes we may also use II,,[u] to denote the n-th mode w, sinnr. Later,
in Section [9) we extend the analysis to the general setting.

As explained in Section we refer to the analysis in the setting of k = 1 and w € I (gg) as the first
bifurcation. Indeed, for w € I1(eg), the linearization around v = 0 possesses (in the odd-in-t functions space)
a pair of weak hyperbolic eigenvalues and all the other eigenvalues are elliptic. In particular the stable and
unstable manifolds, W#(0) and W*(0), are one dimensional.

We shall give an asymptotic formula for the splitting between W*(0) and W#(0) in the cross section

(2.3) Y = {(v,04v) € X, : II; [9yv] = 0},
(see Figure {4)).

Theorem 2.1. Consider the equation (1.15) (equivalently (1.18]) or (1.20])) for k =1 and w € I1(gg) defined
as in (1.8). Then, there exist a constant Cy, € C such that for any fived yo > 0 there exists €9, M > 0 such

that, for every 0 < e < gq, the following statements hold.
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A 01 W (0)

w=(0)

FIGURE 4. The (infinite dimensional) transverse section ¥ (see (2.3)) where we measure the distance between the
perturbed manifolds W*(0) and W*(0).

(1) The invariant manifolds W*(0) and W*(0) of (L.15)) in X, correspond to solutions v*(y,T) and
v3(y,7) of (1.18) satisfying (1.19), which are real-analytic in y, T, 2w-periodic in T, and satisfy
II; [0yv*®] (0) = 0, respectively. Moreover, Ily; [v**] =0, for every ! € N and

102 (v" (y.7) — " (@) sin ) |, + (020, (v" (3. 7) — " (y)sin7)||,, < M2"(y)  fory < wo.
1 1
102w (y. ) — " (w)sin )|, + [[020, (v° (3, 7) — v (9)sinT) |, < Me*(y) Jory > —yo.
where v is the homoclinic orbit given in .
(2) Aty =0, the splitting satisfies

4v2

1 2 V2
(2.4) (| =02 —w™?|2 (v" — v®) +iedy (v" — v°))(0,7) — ?e_\TfCin sin(37)

< 2 "
~ elog(e~1)’

1
(3) If Cin # 0, the invariant manifolds W*(0) and W*(0) do not intersect the first time they reach X

(see Figure[]).
(4) Fiz p > 0. There exists an open and dense set (in C° topology) of analytic functions f : B,(0) — C

such that for these f the constant Cy, satisfies Ci, # 0.

(5) Let W C X be the intersection near (v(0)sin7,0) of the center-stable manifold W<(0) and center-
unstable manifold W<“(0) when they intersect the hyperplane X for the first time.
(a) Let

N ={(,0y0) | e[| = 2 = w 2|2 (v = v*(0)) | 12 + 0yv = Dyv*(0)]| 2
<M(e M| -02 - w2z (v¥(0) — 0*(0)) |2 + 180" (0) — yv°(0)]12), * = u, s}
then W NN # 0 and the Hamiltonian H satisfies
&= iII/IVfH < (e 92— w_2|% (v*(0) — vs(O))Hi2 + (|0, v*(0) — 9,v*(0)]|72) < Miélfo'

(b) Each (v,0,v) € W corresponds to a single bump homoclinic orbit (v(y,7),0yv(y, 7)) to W<(0),
i.e (v,0yv) is asymptotic to two orbits (vE(y),0yvE(y)) in the center manifold as y — +oo.
Moreover, (v, 0yv) satisfies

(25)  LH(w,8,0) <] =82 — w3 (uly) — v (¥) | + 19,0(y) — Dot ()32 < MH(v,d,0),
fory > —yo with x = s and y < yo with x = u.
(¢) If v* = v®, then it is homoclinic orbit to 0, otherwise the intersection W (0) N W(0), which
is codimension 2 in X,, is transversal in N.

Remark 2.2. In the case v* # v*®, the transversality of the intersection of the codimension 1 W<(0) and
Wer(0) implies that a dense subset of W consists of smooth functions.

The metric e[| — 9% — w‘2|%v||i2 + ||dyv||32 corresponds to the quadratic part of the Hamiltonian
‘H defined in . We highlight that Theorem is concerned with the distance between the invariant
manifolds at the first crossing with the transversal section . This does not exclude intersections at further
crossings and thus existence of multibump breathers. See figures 2] and [4]
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Theorem implies several of the statements given in Theorem for k =1 and w € I (eo).

Indeed, Theorem [2.1] proves statements 2(a),(b),(c) in Theorem for k =1 and w € I;(gg) which deal
with the one-dimensional stable and unstable manifolds in the odd setting.

Statement (5) in Theorem 2.1)implies the statements 2(c) and 3(a) in Theorem[L.3|for k = 1 and w € I; (&)
which deal with generalized breathers with exponentially small tails. Indeed, Theorem (5) implies the
existence of a family of orbits homoclinic to the center manifold with exponentially small energy. They

correspond to breather like solutions w(x,t) of (1.2) which are ZT-periodic in t and decaying in z like
w

O(eecl2l) subject to perturbations whose L°(H} x L?) norm is bounded by O(Z&e~ vz ).

2.1. Heuristics of the proof of Theorem exponentially small bounds. Looking at formula
one can see that the distance between the one dimensional invariant manifolds W*(0) and W#(0) is
exponentially small in . In this section we give some intuition why the distance between the one dimensional
invariant manifolds W*(0) and W*#(0) is exponentially small in € and which are the steps needed to obtain
upper bounds on this distance. Later, in Section we will show how to obtain the asymptotic formula
for this splitting. A complete description of the proof of Theorem can be found in Section

Since the invariant manifolds are one-dimensional, one can parameterize them as solutions of the second
order equation for k = 1, which satisfy

3

’l} ~
i}l =v1 — Zl -+ O[l (HU) + 0(52)
N AL 3
by = 75—2vn+(9@1(v ), n>2.

where we have introduced the following notation, which is also used in the forthcoming Sections [3H7]

(2.6) I(v) = v — I (v)sinT = Z Uy, sin(n7).

n>2

Imposing decay at infinity (as y — +oo for W#(0), as y — —oo for W*(0)) and 9,v,"°(0) = 0, Item 1 of
Theoremlooks natural: the distance between the perturbed and unperturbed manifolds (vy, IIv) = (v",0)
is of the same order as the perturbation (notice the singular character of the model and the different size
of each component of the vector field). These estimates can be proven through a fixed point argument by
using the standard Perron Method.

Even if the perturbed invariant manifolds are O(g?) close to the unperturbed ones, the singular character
of the model makes their difference beyond all orders in e, in fact exponentially small. Let us give some
heuristic ideas of why this phenomenon happens. We have chosen parameterizations such that d,v;"*(0) = 0.
Moreover, as the system is Hamiltonian, both manifolds belong to the energy level of the saddle-center critical
point v = 0. Therefore, the difference vj* —v{ at y = 0 can be recovered from the differences projected to the
rest of directions, namely ﬁ(v“ —v®) and ﬁ([“)yv“ — 0yv®). Thus, we focus on measuring these differences.
Let us write the equations for these components as a first order equation for n > 3 (recall that IIyv = 0 for
1>0),

i)n = Wn
, A2 1
Wy, = — g—gvn + @Hn [g(ewv)] .
As the parameterizations of both invariant manifolds satisfy the same equation, their difference

(An,Zn) = (vy — v, Oyvy — Oyvy)

n =

satisfies a linear equation for n > 3,

A, =2,
. 22
=, = — g—gAn + 11, [M (v, v*)A].

Since the last term is much smaller than the oscillating one, to give a heuristic idea of the phenomenon
taking place, let us assume that M = 0. Then, the system becomes a linear system of constant coefficients
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which we can diagonalize by taking

Iy =A\A, +ieE,

(27) @n = /\nAn —ieE,
to obtain
P, = —itnr,
O, :z‘A—"@n.
9

The solutions of this system can be easily computed as
La(y) = e 0D, ()
Ouly) = #10,(y)

for any points y=.
By the definition of (T',,©,,) in , one has

To(y™) =n(vn(y") —va(y") +ie@yvp(y™) — Oy (y™))
On(y™) =An(vy(y™) —vn(y™)) —ie(@yun(y™) = Oyvp(y ™))

The main observation here is that if we are able to extend the stable and unstable manifolds v*(y) to some
complex values y* = 4io, o > 0, one obtains the following estimates for y € R near y = 0,

T, (y)| <e™ 27 |Dy(io)|
Ano .
|On(y)] <e” = [Onp(—io)],

which are exponentially small in € and strongly depend on the size of the unstable/stable solutions at the
complex points y* = +io.
For the nonlinear system, we will find the solutions

v, (y) for Ry >0, v (y) for Ry <0

as perturbations of the singular solution v; = v"(y), v, = 0, n > 2, where v"(y) is the unperturbed
homoclinic solution . As this function has poles of order one at the points y* = +im/2, it is natural
to expect that the optimal value for o is 0 = 7/2 — ke for a suitable k > 0.

In fact, in Section [4] below, we will see that

1 ,
vt () S <, at g = Fio,
and consequently [T, (y™)| < 1, |0, (y7)| < L. Therefore, one expects that for y € R close to y = 0,
1 _apr 1 _apr
|Fn(y)| S/ ge 2, ‘@n(y” S ge 2e

As A, > A3 = 2v/2 + O(e) for n > 3, one obtains an upper bound for the difference

1 vz 1 _ o
|Fn(y)|§g€ <, |9n(y)|§g€ :

and similar bounds are satisfied by A, (y) = v%(y) — vi(y).

Observe that these bounds fit with the estimates (2.4]) given in Theorem However, Theorem gives
certainly more information since it provides an asymptotic formula for A.

To obtain an asymptotic formula of the difference between v* — v*® instead of an upper bound, one needs
a finer analysis of these functions at (neighborhoods of) the points y* = +i(7/2 — ke). At such points the
homoclinic orbit is not a good approximation of the perturbed invariant manifolds. We then need to
obtain a new first order approximation of these manifolds. This will be the strategy to proof Theorem

Its heuristics are given in the next section.
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2.2. Strategy of the proof of Theorem [2.1} exponentially small asymptotics. As we haven seen in
Subsection to obtain an asymptotic formula of v® — v*, one needs a deeper study of these functions near
y* = +i(m/2 — ke) for some k > 0.

In Theorem B.1] below we show that

2 2
(2.8) vy, 7) = v"(y) sinT 4+ Oy, ( c ) = 2v2 sint + Oy, <E> .

ly> +7p2)  coshy ly? + 5P

Therefore, for real values of y, the invariant manifolds are e2-perturbations of the unperturbed homoclinic
orbit, but, when y F % = O(e) we have that both the homoclinic and error term become of the same size
O(%) and therefore v*%(y,7) are not well approximated by the homoclinic solution v"(y)sinT anymore.
Thus, we look for suitable leading orders of v**(y, 7) for y such that y F % =0(e).

We focus on the singularity y = im/2 (the same analysis can be performed near the singularity y = —in/2
analogously). We proceed as follows. We perform the singular change to the inner variable

:_1 —z>
zZ=¢€ (y 12

d(z,7) = ev (zg +ez, 7') .
From (|1.15)), one can deduce the equation satisfied by ¢(z, ),

and the scaling

1
V1+e?

(1.10). However, notice that now the spatial variable is z = x — i—. The first order of this equation

1 1 1
26— 70— —6+ 36"+ —flwe) =0,  w=

€
corresponds to the regular limit € = 0, which gives the so-called inner equation
1
020" — 070" — ¢+ 3(6°)* + f(¢°) = 0.
The estimates (2.8)) show, that, after these changes, the stable/unstable manifolds behave as

2v/2i 1
V2i sinT + Oy, (3’E> .
z z

Therefore, it is natural to look for solutions of the inner equation which “match” these asymptotics. This is
done in Theorem below where we obtain and analyze two solutions ¢%%, ¢ of the inner equation which
are the first order of the unstable/stable manifolds “close to the singularity” y = imw/2. They are of the form

¢S7u(z7 T) ==

2v/2i

(bO’S(Z,T):_ SinT"'ws(ZaT)) fOI' éRZ>0
(2.9) s
]

2
(2, 7) = — \z[ sinT + " (z,7), for Rz <0

with %% = O(Z%) in suitable complex domains satisfying |z| > k and containing the negative imaginary

axis Sz < —k (recall that z = e~ 1(y — %) and therefore y = 0 lies on this negative imaginary axis).

Moreover, in Theorem we provide a formula for the difference of these two solutions which reads
1
(2.10) O (—ir, ) — ¢V (—ir, T) = e 2V (Cin sin(37) + Oy, <)> as r — +00.
T

Let us give here a (very) heuristic idea of the origin of this result.
Writing a solution of the inner equation as ¢° = Y ¢2 sin(n7) we obtain

d2
dz?

d2
E@JL + M%‘Zﬁg =F, (¢0) , n2> 3.

where ' = d/dz, u, = vVn? — 1, and F,, contain higher order terms.

& - 6 = Fi (¢°)
(2.11)
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Let us assume that F,, = 0 to give an heuristic idea of the process. First, let us make the change z = —ir
and write system (2.11]) as a first order system through the change

_ d , d . . oo
ulr) = ((in), 000 ) We = i i) £V T8 ir), W = (o )i
which gives

d d
— Ul = — U, =—/n2-1¥, _

dr dr ™7
d 1 3 d
5‘1’3 =7 (¥}) %‘I'"* =vn2 -1V, ..

Observe that ¥ = 0 is a critical point with a center manifold W¢ given by ¥+ = ¥~ = 0, and a center-sable
manifold W€ given by ¥+ = 0. Moreover, W¢* possesses the classical stable foliation. Indeed, given a point
U = (V¢ U~,0) € We there exists a point ¥, = (¥¢,0,0) € W€ such that |®,.(¥) — ®,.(¥;)| < O(e™?7), as
2 € (0,v3% — 1), where @, is the flow on W which is well defined for » > 0. The points whose trajectories
are asympotic to a given ¥, € W€ form a leaf of the foliation.

These foliation allows us to give an asymptotic formula for ¢%*(z) — ¢%%(2):

e The first observation is that our solutions ¢**(2), %% (z), when restricted to the negative imaginary
axis away from 0 and written in these coordinates, correspond to W**(r) = (W5 U W%)(r)

satisfying
lim ¥*“(r) =0.
T—+00
Therefore, they belong to W and, in this simplified model, should have the “unstable coordinate”
U (r)=0.

e The second observation is that we know, by (2.9), that
1
[T“(r) — U (r)| < Oy <3) , as r — oo,
r

which implies that they should have the same “central coordinate” U¥(r) = ¥3(r) and therefore they
belong to the same leaf in the stable foliation. One can see this fact using the linearized fundamental
solutions in the central coordinates which give: W%(r) — Ws(r) ~ c17 =2 + cor® and the decay of this
difference immediately gives ¢; = co = 0.

e Now that we know that ¥™*(r) = (¥.(r), ¥%*(r),0) we only need to compute the difference in the
stable coordinate S_(r) = U™ (r) — ¥* (r) which satisfies:

dirﬁ, =Ap_, A=diag(—vn2-1)

and this immediately implies that
B_(r) =e"TAB_(ry) = 672‘/5(“”3)53’,(7#0) sin(37) + Oy, (e777).
Calling C = ezﬂroﬂ&,(ro) we have
lim e2V?3_ (r) — Csin37 = 0.

r——4o0

Using these ideas, in Theorem below, we incorporate the dismissed higher order terms (see (2.11])) and
give a complete proof of the asymptotic formula for the difference between the solutions of the inner equation.
Note that the constant C' above corresponds to the constant Cj, in .

Once we know how to compute the difference between the inner solutions ¢%%* — ¢%*, we must show that
this difference gives indeed a first order of the difference between the perturbed invariant manifolds. That is,
we must estimate the function (g% — ¢°) — (¢%* — ¢%*) in some appropriate complex domain. To this end,
we first have to show that the solutions of the inner equation ¢%%(z), °*(2), when written in the original
variables y = i3 + ez, are good approximations of the stable and unstable solutions v, v* for y satisfying
Yy F 2 = O(e). Such analysis is done in Theorem

From such estimates, applying the ideas in Section [2.1} we obtain smaller exponentially small errors at
y = 0. This shows that the difference of ¢** — ¢%° provides the main term of the exponentially small
distance between v* and v®.

The first order of this distance is given by the Stokes constant Cj,, which is analyzed in the next section.
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2.3. The Stokes constant. Generically the constant Cj, appearing in Theorem (see also (2.10)) does

not vanish (and therefore the difference between the invariant manifolds does not vanish either). To see this,
consider a toy model in the form of (2.11)),

oo

WA uis = g(z) =)

1=3

ajp
;7

where the power series on the above righthand side is convergent on a disk. The same proof as in Section
yields two solutions
v (2) = 0(z"?), ze€Dy", *x=u,s,

where D;;” are sectorial complex domains with vertex at z = oo which are defined in (3.10)) below. However,
in general, v**(z) cannot be extended to be analytic functions defined in a neighborhood of co. In fact, one
may obtain the same formal asymptotic expansions for both v**(z) as |z| = oo

>, =) ey (I=1)!
YR =D = 2 s s,
1=3 =0 / .

where [a] denote the smallest integer no greater than a. It is easy to see that this is generally a divergent
series and thus v* # ~° in general. We also observe that this series is in the Gevrey-1 class.
There is another way to illustrate v° # v* in general. In fact their decay at infinity implies

1 [ I
v(2) / e_““(s_z)g(s)ds - / el“S(S_Z)g(s)dS,
— 00

 2ips oo 2ipi3
¥ (z) = —,1 ’ eii‘“(sfz)g(s)ds - —,1 ’ ei“‘“’(sfz)g(s)ds.
21p3 J 4 oo 2ip3 J 4 oo

For k > 0, let B, C C be the disk centered at 0 with radius x and S be the path going from —oco to —k
along the negative real axis, then to x along the lower half of 0B, then to +oco along the real axis. By the
Cauchy integral theorem we obtain

Y4 (—ik) — v (—ik) = /Se_w“s“")g(s)ds ™ [961“3(S+’“)g(s)ds

2ips
ey e i
=— — e'*3g(s)ds = —me H3" aj.
2ip3 Jop, (5) ; (i—1)!

The above right side are related to the Borel transformation of g evaluated at ius and gives the difference
between v* and v°.

This means that in the derivation of the stable/unstable solutions ¢**, * = u, s, through the Lyapunov-
Perron approach, a nonzero splitting appears even after the first iteration. In fact, it can be proved by the
Borel-Laplace summation theory, that ¢** and ¢%°, while analytic on their own domains and non-equal in
the intersection of the domains, share the same formal series as z — oo in suitable sectors

¢O,* ~ bfj
E o
zJ
j=3

which is generally divergent, but belongs to the Gevrey-1 class, namely

l_
%)
sup | — < o0
J J:
Moreover, the right sides F,, of (2.11)) are also associated to former series
1 u,s = anj
E, <Z’ 1/) > ~ Z 23
=3
in the Gevrey-1 class. Due to its length, we skip the details of that argument as it has little impact on the

main result of this paper.
On the other hand, the above considerations motivate us to make the following conjecture.
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Conjecture. The constant Cj, in the leading order approximation of the stable/unstable solutions can be
expressed as
-1 l 2

WZ ﬁsz

Even though the formula of the splitting constant Cin in this conjecture is still very complicated, if proved,
it would give an algorithm to compute Cj, which may be implemented by numerical computations. The
proof of this conjecture is beyond this paper.

3. DESCRIPTION OF THE PROOF OF THEOREM [2.]]

We describe the main steps of the proof of Theorem where k = 1 and the odd symmetry of functions
in 7 is assumed.

3.1. Estimates of the invariant manifolds in complex domains. In order to compute the distance
between the perturbed invariant manifolds W#(0) and W*(0) in X, we consider their suitable parameteriza-
tions. Since the invariant manifolds W*(0) and W#(0) are one dimensional, they are the images of solutions
v* and v*® of with the asymptotic conditions
lim v*(y,7) = lim v“(y,7) =0, forall 7€T.
Yy—>—00

y——+oo

We write equation ([1.18)) as

3 3
vy 1 vy
U] = v — 27 ( @fll [g(ewv)] + 4> )
A2 1
Up = ——r U, — ——=11,, [g(ewv)], n > 2,

g2 g3w3

where II,, is the Fourier projection given by (2.2) and g is given by (1.11)).
We study the solutions v*, v* as perturbations of the homoclinic orbit v"(y)sin7 given by (1.22)), which
satisfies " = v" — (v)3 /4. Thus, we set

f(va):U(ny)— sm7-Z§n sin(nr)

n>1

whose Fourier coefficients satisfy

h\2 h¢2 3 "’
fog - 3(1}4) & 3”451 _ %1 4 < (g(ew(& +vMsinT))) + (£1+4U)> )
;o A2 1 I B > 92
b= =26 — STyl + o sinr),  n22

Define the operators

(3.1) L(€) = (51 G h) >sm7'+ > <5n . )sin(nT),

n>2

h h
(3.2) F(&) =- 53—1)39(6&1(5 + ot sinT)) + ((61 ZU ) — 31}46% — il) sin 7.

To obtain solutions v*, * = u, s, of (L.15)) satisfying (1.19)) is equivalent to find solutions £* of the functional
equation

(33) £ = Fe),

satisfying

(3.4) lim &“(y,7) = lim &°(y,7) =0, forall 7e&T.
y—00

Y——00
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FIGURE 5. Outer domains D%""% and DS""°.

We analyze these parameterizations in the following complex sectorial domains, usually called outer do-
mains,

Dt = {y € C; fim(y)| < — tan S Re(y) + = — =}

(3.5) 2
DY = {y € C;—y € D™},

where 0 < 8 < w/4 is a fixed angle independent of € and k > 1 (see Figure . Observe that DO%* x = u, s,
reach domains at a ke-distance of the singularities y = +in/2 of v" (see Section [2.1)).
Next theorem proves the existence and estimates of the functions £“, £5. It is proven in Section [4

Theorem 3.1 (Outer). Consider the equation (1.15|) with k = 1. There exist ko > 1 big enough and g9 > 0
small enough, such that, for each 0 < & < gy and k > Ko, the invariant manifolds W*(0) C X of (1.15)),
* = u, s, are parameterized as solutions of equation (1.15)) by

v*(y, ) = v"(y)sinT + & (y,7), y € DI"*, T €T,

where v" is given by (1.22) and £€* : D°"* x T — C are functions real-analytic in the variable y such that

(1) They satisfy the asymptotic condition (3.4), 0,I11[¢*](0) = 0 and 11y [*](y) =0 for I € N.
(2) There exists a constant My > 0 independent of & and k, such that

M1€2
* < Dout,* 1
”g ||€1 (y) = |COSh(y)| fOT’ Yy S K N {| Re(y)‘ > }

« ]\4152 out,x
1% 1le, (v) < 2+ 2 /Ap for y e D" 0 {|Re(y)| <1}

Moreover, the derivatives of £* can be bounded as
(1) Fory e D" N{|Re(y)| > 1},

1974, @) 1920487 w) < Tt

(2) Fory € D°"%* N {|Re(y)| <1},

M e? M e?
2 % 1 2 * 1

[07¢* [, () < ly2 + n2/4 and [|070,8" |, (v) < y2 + n2/4f%

Remark 3.2. While the 1-dim stable and unstable manifolds of the equilibrium 0 is determined by their
exponential asymptotic behavior as y — too where the freedom of translation in y is fized by 0,111 [{**] = 0,
it is extremely important that the precise order of the error £° = O(ﬁ) is obtained near the singularity

Y I I

y = +5i. This does not only allows one to identify the correct scaling leading to the limit of the so-called
inner equation in the next subsection, but also uniquely fiz the solutions of the inner equation optimally

approrimating v*“°.
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3.2. Analysis close to the singularities. Notice that the parameterizations v*(y,7) of W*(0), * = u, s
given by Theorem [3.1} are e2-close to the homoclinic orbit v"(y)sin(7) for y € RN D°"*. Nevertheless, at
distance O(e) of the poles y = 4i7/2 of v", we have that v" ~ ¢~! has comparable size to the error £* ~ e~ 1.

To obtain a first order approximation of the invariant manifolds at distance O(e) of the poles y = +im/2

we proceed as follows. We focus on the singularity y = im/2 since similar results can be proved near the

singularity y = —in/2 analogously. Consider the inner variable
(3.6) p=e! (y—ﬂ)
2
and the scaling
(3.7) d(z,7) =ev (zg + 52,7) .

Writing equation (L.15) for ¢(z,7) and recalling w = (1 +£2)~2, we obtain
1 1 1
2 2 3 _

This equation coincides with the original Klein-Gordon equation (1.10))% However, notice that now the
evolution variable is z = 2 — i .

2e
The first order of (3.8) corresponds to the regular limit ¢ = 0, which gives the so-called inner equation
1
(39) 0240 — 020" — o + 5 (") + (") = .

We are interested in identifying certain solutions of with the first order of the outer solutions v**(y, 7)
given in Theorem near the pole y = im/2. Therefore, we look for solutions ¢%*(z,7), * = u, s, of
which have the same expansion as ¢*°(z,7) = ev** (2 (g + 52) 77'). Near the pole y = im/2, by Theorem
[31] we have

g2 O —2V2i
(y—im/2)3)  y—im/2
which, in the inner variables (3.6 and (3.7]), corresponds to

sinT + Oy — in/2) + O (52)

WS (y, 1) = oM (y) sinT
(3. 7) = ") sin7 + 0 e

v (z,7) = _in sint 4+ O(e%2) + O ( ! ) .

28
Taking into account the change of variables (3.6) and the shape of the outer domains (3.5]), this asymptotic

condition must hold for Im z < 0 and Re z < 0 for ¢" and for Imz < 0 and Rez > 0 for ¢°.
More precisely we consider the inner domains

Dy™ = {z € C;|Tm(z)| > tan  Re(z) + },
(3.10) i ,
Dy ={z€C;—z € Dy},
for 0 < @ < 7/2 and k > 0 (see Figure @, and we look for solutions of the inner equation of the form

—2/2i

z

1 *,in
sint +¢*(z,7), with ¢¥*=0 () , for (z,7)e Dy} xT, x=u,s.

23 i

O (z.7) =

Now, we present the results concerning the existence of these solutions ¢** of (3.8, « = u, s. Moreover,
we provide an asymptotic expression for the difference ¢*%(z,7) — ¢**(z,7) as Im(z) — —oo, which will be
crucial to compute the first order of the difference v* —v®. The following Theorem will be proved in Section

Bl

Theorem 3.3 (Inner). Let 6 > 0 be fized. There exists ko > 1 big enough such that, for each k > ko,

3V\/'au‘ning: It is the original one for ¥ = we¢
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FIGURE 6. Inner domains DZ’:’ and Dg’:‘.
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FIGURE 7. Domain 72:9“’_*.

N

(1) Equation (3.9) has two solutions ¢%* : D;:;n x T — C, x=u,s, given by

(3.11) ¢V (z,7) = — Ziii sinT +¥*(z, 1),

which are analytic in the variable z. Moreover, Ty [gf)o’*] = 0 for every | € N, and there exists a
*,in

constant My > 0 independent of k such that, for every z € Dg:;n and 2’ € Dy s

M M.
J026%), ()< T2 102007, () < 2

|z
(2) The difference Ag®(z,7) = ¢ (z,7) — ¢%%(2,7) is given by (see Figure @,
(3.12) A@°(z,7) = e 7% (Ciypsin(37) + x(2,7)), 2z € Ry = Dy N Dy N {z; Re(z) = 0,Im(z) < 0}

where us = 2v/2, Ciyn is a constant, and x is analytic in z and satisfies that, for z € Ri;,’j,

M. M.
10-xlles(2) < T2 and [[9axlles(2) < -
|| 2]

Remark 3.4. It is interesting to see that the stable and unstable solutions ¢%*, x = u,s, are identified
by the O(|z|~!) decay as Rez — 4oo, where the same Lyapunov-Perron approach works. The freedom of
translation in z, which causes a variation of the order O(|z|=2) is fized by the O(|z|=3) restriction of the
error terms. The splitting A¢® between ¢%% and ¢° would turn out to be the principal part of the splitting
between v* and v®. The leading order form of A¢® can be understood in two different perspectives. On
the one hand, it is related to the Borel summation of divergent power series and the readers are referred to
Subsection for related discussions and our conjecture on how to compute Ciy,, which is generally none
zero. On the other hand, along the real direction of z, the inner equation 18 hyperbolic in the PDE sense
and oscillatory. However, when we view it along the imaginary axis, it becomes strongly hyperbolic in the
dynamical systems sense (and ill-posed) and elliptic in the PDE sense. All the originally oscillatory directions
become hyperbolic in the dynamical systems sense and thus in particular the stable manifolds become infinite
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/— i(5 — re)
Poy  B[Biy

FIGURE 8. Matching domains DmCh “ (on the left) and DmCh ' (on the right).

dimensional containing ¢%*. The splitting Ag® is dominated by the weakest exponential decay rate and the
Stokes constant Cy, basically comes from the difference between the weakest stable coordinates of ¢** and

¢0’S'
The following lemma states that the Stokes constant Cj, depends on the nonlinearity analytically.

Lemma 3.5. Suppose f(u,c) is a real analytic odd function of u satisfying f(u) = O(|u|®) which also
depends on a complex parameter ¢ analytically, then Ciy(c) is also analytic in c.

Proof. We use the same notations as in Theorem where ¢**(z, 7, ¢), x = u, s, denote the unstable/stable
solution of ([3.9). By carefully tracking the dependence on c in the construction of #** based on the
Lyapunov-Perron integral equation, one can prove that ¢** are analytic in ¢. For s € (—oo, —k), let

~ 1 [™
C(s) = ;/ e M A@°(is, T, ) sin 3rdr,

which is analytic in ¢. From (3.12)) we have Cj, = lims_, C (s) and thus the analyticity of Cj, in c. O

In Appendixwe show that for a generic analytic odd f (in the C° topology) the constant Cj, is not-zero.
We achieve this result by using the analyticity of Cj, with respect to f and proving that Cy, # 0 for f in a
suitable open set in the neighborhood of the f associated to the integrable Sine-Gordon equation , for
which Cy, = 0.

Our next step is to prove that the solutions of the inner equation obtained in Theorem are good
approximations of the parameterizations v*(y, 7), * = u, s, obtained in Theorem near the pole y = im/2.
To prove this fact we introduce the following matching domains.

Take 0 < v < 1,0< 1 < 8 < B2 < m/4 constants independent of € and . Then, we consider the points
y; € C, j = 1,2 satisfying

(1) Im(y;) = —tan B; Re(y;) + 7/2 — ke;
(2) Jy; — i(m/2 — k)| = £7;
(3) Re(yl) < 0 and Re(yz) > 0.
(4) ed(m=F1) — =582 oL,
Note that Im(y2) < § — ke < Im(y1). Then, consider the following matching domains (see Figure ,

DTC,_]:’“ = {y € C; Im(y) < —tan B Re(y) + /2 — ke, Im(y) < —tan B2 Re(y) + 7/2 — ke,
+
(3.13) Im(y) > Im(y:) — tan <”Bl 5 52) (Re(y) — Re(yl))} :
Dﬁ’rlf:’s = {y eC;—ye Dfﬁf}“} .

Notice that there exist constants M7, Ms > 0 independent of € and « such that
Mye” < |y; —in/2] < Mse?, j=1,2,
Mike < |y —im/2| < Mae™, for ye DTC,?“.
In terms of the inner variable z (see (3.6))), the matching domains are given by

Dfﬁg’* ={z € C; 6z+z7r/2€DmCh*} * = U, S.
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Notice that,

Mie? ™t <z < Mpe? ™t j=1,2,

Mk < |z| < Moe?™? for, z¢€ chf?“

where z; and zo are the vertices of the inner domain y; and ys, respectively, expressed in the inner variable.
Next theorem estimates the difference in the matching domains (3.13)) between the functions ¢*, x = u, s
in (3.7) and the functions ¢**, * = u, s, given by Theorem m The theorem is proven in Section @

Theorem 3.6 (Matching). Fiz v € (1/3,1). Let ¢*(z,7) = ev*(in/2 + €2,7), x = u, s, where v* is the
parameterization obtained in Theorem[3.1. Then, there exist o, 00 > 0 sufficiently small such that, for each

mch,x

0 < e <eg and K satisfying kel =7 + “(;%gzal < do, and z € D .77,

¢*(2,7) = ¢ (2,7) + ¢* (2, 7),
where ¢%* is the solution of the inner equation (3.9) obtained in Theorem and p* satisfies that for

(2,7) € fo::’*

M3 (et=7 + 3771 log ¢ and 020, 0% |0, (2) < M3 (et=7 + 377 1) log ¢
TYZ 1

82 * <
076" [le, (2) < 2|2 = Klz|?

)

where M3 > 0 is a constant independent of ¢ and k.

Remark 3.7. Notice that v = 1/2 minimizes the size of ||¢ll¢, 2 in Theorem . In this case,
102¢ller 2 < M|logele'/?|| 72,

Remark 3.8. The idea to obtain the above matching estimate is that y1 and ya are connected by a segment
with nontrivial slope in the complex plane, where the linear part of the problem becomes somewhat elliptic in
the 1-dim variable z (in the PDE sense) except in the direction of the mode sinT. Therefore ¢*, * = u, s, is
nicely determined by the values at y1 and yo which simply come from the asymptotic form ¢%* and ¢*. The
order O(|z|72) is largely determined by the mode sin .

3.3. The distance between the invariant manifolds. Our next step is to give an asymptotic formula
for the difference

(314) A(ya T) = vu(y’ T) - vs(y7 T) = fu(ya T) - gs(y’ 7)7

where % are the functions obtained in Theorem [3.1] (recall that ITy;[Av] = 0 for every [ > 0), in the domain
(see Figure [0)).

R, = D" N DO M 4R,
Next lemma shows that the difference A satisfies a linear equation.

Lemma 3.9. The function A introduced in (3.14) satisfies the linear equation

L(A) =Ty [y (y, 7T [A]sin T + 1oy, 7)TA] | sin 7 + Hna(y, 7)A),

where L is the operator given in (3.1) andn; : R, xT — C, j =1,2,3, are functions analytic iny. Moreover,
there exists a constant M > 0 independent of k and € such that

Me? M
< —— d < ——.
Hanfl (y) = |y2 +7T2/4|4’ an ||772||£1 (y)7 ||773||£1 (y) = |y2 +7T2/4|2

Proof. From ({3.3) and Theorem we have that
L(A) = F(&") = F(&°),
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FIGURE 9. Domain R.

where F is the operator given in . Using the expression of F (see also ), we obtain that
F(E%) ~ F(E) = — 511 [glewle + " sinm)) - glew(€’ + 0" sinT))]
—1I; [ €8 + v™)2sin? 7II(EY) — (& + v™)? sin? Tﬁ(fs):| sin T
0 [+ " sm(H[su]f — (& + ") sinT(TI[E)?
+3 (E)? - (ie?) s
+(-=
30" (612 = (61)7) _ (@ — (@)’
4 4

3,3 Iy [f(ew(€" +v"sinT)) — flew(£® + v sinT))]

sin 7.

The proof follows from calculations based in the power series expansion of g and f and the estimates

M Me?
h < Uu,S <
|’U (y)’ —= |y2 i 71_2/4|7 ||€ ||£1 (y) — |y2 + 7T2/4|3
obtained in Theorem B.11 O

The idea to obtain the exponentially small splitting estimate is that y* = +i(3 — re) (see Figure E[)
are connected by a vertical segment where the linear operator £ becomes elliptic (in the PDE sense) in the
1-dim variable y except in the direction of the mode sin7. This has two implications: a.) the solution is
determined by the values at the two boundary points y* and b.) the Green’s function principally in the
form of exponential functions leads to the desired splitting estimate at y = 0. The mode sin 7 seems to be
an exception. Recalling 9,111 [A]|y=o = 0, the splitting in the direction II;[A]|,=¢ will be handled by the
conservation of energy due to the Hamiltonian structure.

As explained in Section to prove that the distance between the stable and unstable manifold is
exponentially small is crucial the fact that the model considered is Hamiltonian. Indeed, if the system would
not have a first integral, the distance between the invariant manifolds would be “tipically” of order of some
power of €. Therefore, in this section we must rely on the conservation of energy to analyze A.

Let us rewrite equation (1.15]) as
Oyv = w,
1

1, 1, 1
Oyw = 6_28T 3V~ 53w3f (ewv),
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which is Hamiltonian with respect to
1 w?  (0,v)? v? vt F(ewv)
=— - - — d
(v, w) T /1r< 3 T oz 272 T 12 T A ”
where F is an analytic function such that F'(z) = f(z) and F(z) = O(2°).
Notice that the solutions v*(y, ) of (1.15]), x = u, s, obtained in Theorem are contained in the energy

level {# = 0}. We use the Hamiltonian # to obtain the variable II;[A] in terms of the variables II[A], II; [Z]
and II[=] where E = 9,A = w" — w® = Jyv* — Jyv°.

Lemma 3.10. The functions A, = satisfy

P ~
(315) L [A](0) = o ST IE) + A@)) + BAD)
where A and B are linear operators such that, for y € R,
_ Me? _
(1) [AE) )| < m”inél(y)

(2) [BU[AD(y)] < MTI[A]fle, (y)-
Proof. As the projections IT; and II are orthogonal (see (2.2)) and (2.6])), # is given by

2 2e2 2e2w2 12 edwt

H(o,w) = TD” _ AL])” 1/(@MV+®ﬁMV_ﬁMV+#+FmM>M

Using that H(v*,w*) = 0, ¥ = u, s, integrating by parts the 9, term and the Mean Value Theorem, we
have that

0 =H(v", w") — H(v*, w®)

et Iy gy Iy
+%/T Wﬁ[g] - E%@H[Uu] ;aTH[US]ﬁ[A] - %ﬁm] dr
’UU?’ ,UuZ,Us Y USQ v53 1
+71T/1r{( )"+ () )1—;( J(w*)” + (v°) A-‘r(ggi}?)/o f(sw(av“+(1—o)ovs))d0>A]dT'
Using

v* =oMsin(r) + € (y,7), 9" =" — (v")3/4 = V2(cosh(2y) — 3) sech®(y),
and observing that #"(y) is strictly negative, for every y = iy with § € (—n/2,7/2), one has
0= —"(1 + a(y))IL [A] + o"I1, [2] + A(Z) + B(TI[A])
By the estimates in Theorem and using that ©"(y) has a third order pole at y = +im/2, we have

Me? M

3.16 < < =
(3.16) 4| < e <

for yeR,

and, also for y € R,
Me? ~ ~ M
< 2 = 4 |BA)|0) £
(y) — |y2+772/4|4|| H&(y) an ( [ ]) (y) = |y2+7r2/4|3
Moreover, using the estimate (3.16]) and taking x big enough, we have
ID(y)~'| < My? + 7% /4%, y € Ry, where D(y) = i"(y) (1 + a(y)).

Hence, it follows that

‘E(E)

ITZ(A]lle, (3)-

oML 2] + A(Z) 4+ B(II[A])
" (1+a)
where A and B are the linear operators

ol ~
I, [A] = = wIL[E] + A(E) + B(II[A]),
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O ()10 I ) N
ABW = TN TG+ ) W=

i (y )(1+ ()

The proof of the proposition follows directly from the estimates of A(Z), B(II[A]), a and the fact that i"
and ©" have a third and second order pole at the points y = 4im/2, respectively. O

Lemma [3:10] allows to study the difference between the invariant manifolds without keeping track of the
component A;. In other words, we use coordinates (ITyw, ﬁv, ﬁw) to analyze the level of energy ‘H = 0 and
therefore we measure the difference between the functions v* and v® through the components (=1, IIA, ﬁE)
The inconvience of the energy reduction is that the equation loses the second order structure since it also
depends on Z = 9, A.

To capture the exponentially small behavior of (ﬁA, ﬁE) it is convenient to write the second order equation
as a first order system in diagonal form. Thus, we define

I'= ZFQk-H sin((2k + 1)7), Tort1 = Aakt1D2k+1 + €52k 4+1
E>1

0= Z@2k+1 sin((2k +1)7),  Ogpy1 = Aopt1Q2k41 — 1€k 41,
k>1

(3.17)

From now on we measure the difference between the invariant manifolds (within the energy level H = 0) by
the difference “vector”

(3.18) A =(5,,T,0)
Notice that the estimates of Theorem [3.1]imply that A satisfies

Me?
2 2 2¢s
’;Azkﬂm%ﬂ(?m < MHa‘rgu”El (y) + MHa‘ré-éHZl (y) < m7

along with a similar estimate on =, therefore the functions I" and © are well defined for y € R, and satisfy

Me? Me?
A r <———— and A S} <
;; 2k+1| T2k +1(y)| < g2 + AL/4p k%:l 2k+1]O2k+1(y)| < ly2 + /4P

Proposition 3.11. The function A= (51,1, ©) satisfies the equation

L(A) = M(A),
where L is the differential operator
~ . oh Aok
‘C(Eh L, @) = =1 - @TEl Z <F2k+1 +1 F2k+1> Sin((2k + 1)7’),
(3.19) k=t
Z ((;)21@“ - i)\%ﬂ ®2k+1> sin((2k + 1)7)

E>1
and M is a linear operator which can be written as
mw (y)21 + Mw (T, 0)
(3.20) M(ELT,0) = | Mosc(y; T)E1 + Mosc(I',0) |,
—Mosc (Y, T)E1 — Mosc(T', ©)
where my : Ry — C, moge : R X T — C are functions analytic in y satisfying
Me? Me

<———= d osc <
| = |y2 —‘,—7T2/4|3 an Hm ||£1 (y)

m -
| W(y) = |y2—|—7r2/4|
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and Myy, Mosc are linear operators such that, for y € R,

[Mw (T, 0)(y)| < |y2f7{2/4|2 (IT1e (v) + [[©1le ()

< |M/4| (T les () + €], ()

where M > 0 is a constant independent of € and k .

[Mose(T, O)l, (y) <

The proof of this proposition is deferred to Appendix
We characterize the function A as the unique solution of a certain integral equation. To this end, we
introduce some notation. Given a sequence a = (agx+1)k>1, we define the functions

A
)= 3 amire T  sin((2k + 1)7)

k>1

Z agpy 1€’ Rty sin((2k + 1)7).
k>1

(3.21)

We also define the following linear operator, which is a right inverse of the operator £ in (13.19),

(3.22) P(f,9.h) = (PV (), P (9), PO (h)),
where
" Y f(s)
w _ +h
PYH=5"0) | gy
Y )‘Qk 1
=Y Phoa@sin(@b+ ). Pl = [ e gl ()ds
k>1 yt
) y *2k+1
ZP%H sin((2k + 1)7), Papia(h / ’ (Siy)HQkJrl[h](S)d&
k>1 y

and
=3I (5 - ne)
Using the just introduced funtions and operators and recalling that by Theorem =1(0) = 0,£1(0) —
0,€5(0) = 0, it can be easily checked that the function A must satisfy the integral equation

(3.23) A =(0,TIr(c), To(d)) + M(A),  with  M(A) =P o M(A),
where M is given by (3.20) and Zr(c), Zo(d) are given in (3.21)) with

+ Z->‘2k'+1 oyt _ _i*2k+1 y™
(324) Cok4+1 = P2k+1(y )6 e - and d2k+1 = 62k+1(y )6 e 7,

(note that T'(y™,7) = Zr(c)(y™,7) and O(y~, 7) = Zo(d)(y~, T)).

Now we are ready to define the leading order of the function A. We first give some heuristic explanation.
In Section [7| we shall first show that M is small and thus we expect that the main term of A for the (T,0)
is given by (Zr(c),Ze(d)). Let us analyze how these functions behave. We do the reasoning for I' since the
one for © is analogous.

ZF%H e~ P =y ) sin((2k 4 1)7)
k>1

Recalling A3 = V8 —¢2, puz = 2v/2, (3.17), that Tory1(yh) = Aopp1Q0k41(yh) + ieZo41(y") and using
Theorem |3.6] - to approximate the functlons v%*% at the point y = y* by the corresponding solutions of the
inner equation (see Theorem [3.3) and the asymptotic formula for the difference between ¢** and ¢** at
2t = (yt —in/2)/e, also in Theorem one has

s i 1
Fg( ) = 2 ,u3 Cin —+ O E —+ h.O.t

3

—i%

+ L —iusy-*—il 1
ng_;,_l(y ) = ge € 9 ; + h.o.t.
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Therefore,

W3 _jpzuid 1
Ir(o)(y) = ?36712\/5 = (C’in sin3r + O </€>) +h.ot

To prove Theorem it suffices to justify the above leading order expansion of A.

Proposition 3.12. Take k = i|log6|. There exists M > 0 independent of small € such that, for any
Yy € Ry, it holds

= M —23(z_|Im(y
|':‘1(y)| S m@ 53(2 |I (J)')’

2\ . y—i%
HF(Z/,T) s —R2V2 T in 3y

20 M 22(3-1m)).
9

S — £
o e|loge]

for some constant M independent of €. Moreover ©(y,7) = I'(y, T) satisfies a similar estimate.

The proof of this proposition is deferred to Section Note that for y = 0, this proposition gives
smaller bounds of the perturbations to the exponentially small leading order term if Cj, # 0. Recall that
Z1(0) = 9,v"(0) — 0,v*(0) = 0 (see Theorem [3.1). However, we also need to estimate this component for
y € Ry to obtain the estimate of (T, ©) due to the coupling (see Section. The definition of I' and the above
inequality imply inequality except for the missing sin 7 mode, which easily follows from =;(0) = 0 and
the estimate on II;[A] given by Lemma

3.4. Generalized breathers with exponentially small tails. Finally we consider the intersection of the
center-stable manifold W (0) and center-unstable manifold W*(0) of the zero solution which form a tube
homoclinic to the center manifold W¢(0) of 0 in the phase space. In the original coordinates, they correspond
to an infinite dimensional family of waves of which are w-periodic in ¢ (with w given in with
k = 1) and of the order
u(t,z) = O(ee~19) 4 O(e= ).
In particular, the exponentially small oscillating tails do not decay as |z| — oco. The construction of such
generalized breathers is largely based on the approach in [59] [42] [41], so we shall adapt the problem into the
framework in [42].
We shall adopt a slightly different coordinate system and phase space in this subsection. Let

(3.25) 0= (@) = (01,0,0)7, Q= (e THo], (~02 —w )~ Hi[a,0]) "

In the above the operator (—02 — w’Q)*% is well-posed on kerIT;. In the (g, Q) variables, equation (1.2)), or
equivalently (|1.15)), takes the form

(3.26) {ayq = Ag + F(2.Q.)

9,Q =2Q + G(q, Q. ),
where

A= (2 é) J= (-0 w2z (_01 (1)) : HY(S") NkerIT; — L*(S') NkerIly,

and with v = ¢y sin7 + II[u],

P02 = (0. -Lat + (=t lgtewn + )
q,,€) = ) 4Q1 23003 1 [glEwv 4 ’

T
6(0.Q.6) = (0, ~ s (02— w ) il lg(ewn)])

While ¢ € X := R?, we take Y = L?(S!) Nker IT;. Apparently

J:YODWJ)=Y, =Y, Yi:=H (S nkerIl;, J*=—J,
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where L? and H'! stand for the standard Sobolev space of square integrable functions and the subspace of
L? functions with square integrable first order derivatives. It is straight forward to verify that X; = X, Y,
Y1, A, J, F, and G satisfy all assumptions in Sec. 2-5 in [42]. (In fact G satisfies a stronger estimates

Gl < M, ||Df;Dé§G||L( )< Medtz,

(]R2><L2)®(®l1+12_1(]R2 XHl)),R2XL2

for some M > 0 independent of small € > 0, on any bounded set in X x Y;.) Therefore smooth local invariant
manifolds of 0, including the 1-dim stable and unstable manifolds analyzed in details in this current paper,
exist with sizes and bounds (in (g, Q) variables) uniform in e.

In the following we consider the homoclinic tube formed by the intersection of the center-stable manifold
We#(0) and the center-unstable manifold W°*(0). The focus will also include the estimate of the minimal
value of the Hamiltonian H on the homoclinic tube which in turn yields an estimate on the minimal ampli-
tude of the oscillating tails of the corresponding generalized breathers.

e Notation. In this subsection all differentiation D are only with respect to the variables (¢, Q) in the phase
space, but never with respect to ¢.

e The local invariant manifolds and the restriction of the Hamiltonian H there. Let ¢, and g5 be
the coordinates of ¢ in the eigenvector expansion

¢=qu(L)" +¢.(1,-1)7
in term of the stable and unstable eigenvectors. According to Theorem 4.2 in [42], locally the center-unstable
(or center-stable, center) manifold We*(0) € X x Y7 (or W°*(0), W¢(0)) can be represented as the graph of
a smooth mapping h*(-,¢) : Y1 x R — R (or h®, h¢):
We0) N {lqul, lgs|; [Qllvy <0} = {gs = ™ (qu, @, )},
W) 0 {lguls lgs] 1Qllyvy <6} = {qu = h(¢5, @, )},
We0) N {lqul: lasl, [1Qllyy < 0} = {(qu, as) = h(Q, )},

for some § > 0 independent of sufficiently small € > 0. Moreover h%*(g,, Q@ = 0,0), x = u, s, is well-defined
and correspond to the 1-dim stable and unstable manifold of ((1.21)) with & = 1. They satisfy for [ > 1 and
some M > 0 independent of ¢, for x = u, s,

|hc*(q*,0,g) - hc*(Q*7Oa0)| + |Dq*hc*(Q*7OaE) - Dq*hc*(q*a070)| + ||DQhC*(q*ao7€)||(H1)* S Mﬁﬁa

Dh*(0,0,e) =0, Dh(0,e) =0, | D'h%| + | D'he|| < M.
In the (qu,¢s, w) variables the Hamiltonian H defined in (1.16]) takes the form

2 vt F(ewv)
—+——=)d
L2+/T<12+ gtwt ) ’

which is smooth in (¢,Q) € R? x Y; and ¢ due to F(u) = O(u®) near u = 0. Since

H(qu: ¢s, Qy€) = —2mquqs + % H(—ﬁf - w_z)%Q‘

DAH(0,0,0.6)(@. Q) = (-2 — w )2 QI = Sl

it is straight forward to obtain the uniform quadratic positivity of H restricted on the center manifold W¢(0)

(327) D3(H(h(Q:2).Q.9))(Q.Q) = 1QN, H((@.9), Q) 2 gIQU, Y@ € Vi, [Qln, <6

The quadratic positivity implies that the center manifold W€(0) is unique and (with k = 1) is stable
both forward and backward in y on W¢(0). By the conservation of energy and the invariant foliation structure
(see [42]), we have that H > 0 on W*(0) and it achieves 0 exactly at W*(0), x = u,s. Therefore, at any
UeW*0), [Ullm <0, x=u,s,

TyWe*(0) = ker DH(U,e), ker (D*H(U,e)|r,we(0)) = TuW*(0).

4Actually some better estimates have been obtained in this current paper.
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Here ker DH(U,¢) is viewed as a linear functional on R? x Yy and D?*H(U,¢)|r, we+(0) a bounded linear
operator on Ty W*(0) induced by the symmetric quadratic form on Ty We*(0). Moreover, for any hyperplane
P in the tangent space of TyWe*(0) C R? x Y7 transversal to TyyW*(0), there exists o > 0 such that
(3.28) ID*H(U. &)l pllperr) = o
e Analyzing W (0) N W°*(0). In terms of the (g, Q) coordinates, let
A={gp=0CR*xY;

be the hyperplane perpendicular to the unperturbed homoclinic orbit

It = (0 (y), 00" (1), 0) | y R} CREx Vi, (see (L2D)),

at Uy = (v"(0),0,0).

By Theorem 2.2 and 2.3 in [42)], for any fixed time 7" > 0 the time—T map of is smooth in the
phase space R? x Y; with its derivative bounded uniformly in . (Even though only the first differentiation
was carefully estimated in [42], the uniform in € bounds of the higher order derivatives simply follow from a
similar argument inductively.) Due the uniform in ¢ sizes and bounds on W¢(0) and W*<*(0), they can be
extended to stripes along I'*. For x = u, s, consider the following intersections with A for the first time after
We*(0) are extended from a neighborhood of 0 by the flow of (3.26)),

W 0) =W 0)NA, U, = (q1..,0,Q,) = W*(0) N A € W(0).

Clearly, here U, corresponds to the values of the stable and unstable solutions (v*(O), 5'yv*(0)) analyzed in
Theorem 2.1
We shall start with the decomposition A = (R(l,O)T) @ Y7 to set up a coordinate system to analyze

Wer (0), * = u, s. Here in particular we notice

(3.29) {g =0} x Yy =ker DH(Uy,0) N A, VH(Us,0) = %(q =(1,007,Q = 0).

Clearly WC*(()) is a hypersurface in A. Due to the conservation of the Hamiltonian H by the flow map, it
holds

H(U,,e) =0, Ty, W*(0)=ker DH(U,,e), Tu.W*(0)=ker DH(U,,e) N A,

which implies that locally {#(-,e) =0} N A and WC*(O) can be expressed as the graphs of smooth mapping
from Y7 — R. In fact, due to the smoothness of H in € and the uniform in € bounds of W*(0) near 0 and

the flow map, there exist § > 0 independent of ¢ and EO,EC* : Y7 = R, x = u, s, such that inside the box
{lgr = 0™(0)], [|Q — Qx| < 8} in A,

(H(e) =0} NA={q =hQ,e)}, h(Qu,&) = qrurx=1u,s5
W(0) = {g1 = h(Q,8)}, B (Qu,€) = q1u,x = U, 5,

where h9 and he* along with their derivatives are bounded uniformly in small €.

Due to , it is clear
(41.0,Q) € WE(0)NW**(0) <= q1 = h(Q, ) = h*(Q,€) <= H(h™(Q.¢),0,Q,¢) = H(h*(Q,€),0,Q,¢),
By and , there exists C' > 0 such that
(3.30) 0 <H(h™(Q,2),0,Q,¢) = H(h™(Q,¢),0,Q,¢) — H(h°(Q,¢),0,Q,¢) < C(h™(Q,e) — h°(Q,¢)),

which implies

(3.31) h*(Q,e) > h°(Q,¢), and “=7 holds iff Q = Q,, *=u,s.

Moreover, from (3.28]), the conservation of H, and the uniform in & bound on the flow map, we have
- 1

(3.32) Q- Q*||%,1 > H(h°*(Q75)707 Q,a) > 6||Q — Q*||§{1, * =, s,

Therefore if Q,, = Qs, clearly U, = U, and W#(0) = W*(0) which gives rises to a homoclinic orbit to 0.
In the case of @, # Qs, (3.31) implies

Qs €) > h%(Qs,2) = h(Qs, ) and h(Qu,2) > h%(Qu,€) = h(Qu, €).
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A

wes (0 Weu (0)

W (0) W (0)

FIGURE 10. Intersection between W°°(0) and W"(0) giving rise to a generalized breather.

Therefore, there exists @7 e.g. on the segment connecting @, and s, such that ECU(Q,E) = hes (é,a) and
thus
(G1 = h™(Q,2),0,Q) € W (0) N W(0) C W*(0) N W (0).
This completes the proof of We(0) N W<*(0) # @, which had been also obtained in [41]. Moreover, (3.30)
and (3.32)) imply that such that
DEC*(Q*,E) =0, D%”(Q*,e) > é >0, * = u,s.

Since @, and Qs are exponentially close and the derivatives of h* are bounded uniformly in €, we obtain the
transversality of the intersection of W (0) "W *(0) near the above mentioned @ on the segment connecting

Q. and Q, if Q, # Q. See Figure

Each orbit (g(y),Q(y)) starting in Wes(0) N We(0) is homoclinic to W(0). That is, at y — oo
it converges to two orbits in W¢(0), which in the original coordinates (see (3.25)) can be written as
(vE(y), 0yvE(y)) € We(0). Moreover, by (8.27), they satisfy

EH(@,Q) = FH, 0y0)) < e 2|l 3 + 19,0 1172 < CH(vS, 8y07) = CH(g, Q).

According to (3:32), #(q(0),Q(0)) can be used as an equivalent measure between the (¢(0),Q(0)) and
(v*(0),0,v*(0)), * = u, s. For y on any finite interval, the distance between (¢(y), Q(y)) and (v*(y), 0, v*(y))
is proportional to H(q(0),Q(0)) simply due to the uniform-in-e boundedness on the derivatives of the flow
maps. When (q(y), Q(y)) is close to 0 (within a small O(1) distance), the distance between (¢(y), Q(y)) and

(v*(y), 0yv*(y)), where » = u for y < 0 and x = s for y > 1, can be estimate using the stable/unstable
foliations which along with their derivatives are bounded uniformly in e (see Sec. 5 of [42]). Combined with

_ oyl 2
1QUE + lal” ~ [le ™ = 82 —w 2|7 0|, + 9,013
uniformly in e, this finishes the proof of (2.5]).
Finally, we estimate inf H on W< (0) N W<*(0). Let @ € Yj such that [|[Q — Qu[[g» < & and (¢1 =
he(Q,¢€),0,Q) € W N W<, then (3.32) implies
||Q - Cgu”H1 < CHQ - QSHH1 and HQ - QSHH1 < C”Q - QuHHl’

which further yields

ClQ = Qullm > [|Qu — Qsllm, *=u,s.
Taking into account (3.32)) again, one obtains

~ 1
H(hc*(Qa 6), 07 Q7 6) 2 6”@%& - Qé”?—]l .
Moreover, if such @ is on the segment connecting @, and @, one has
H(ﬁc*(Qa 5)7 Oa Qa 5) < C”Qu - QGH%”

Therefore we obtain

) 1
ClQu=Qullfn > inf > ZQu—Qullin,
Wew(0)nWes (0)

and item (5) of Theorem follows from the above argument.
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4. ESTIMATES OF THE INVARIANT MANIFOLDS: PROOF OF THEOREM B

4.1. Banach Spaces and Linear Operators. In this section we prove Theorem through a fixed point
argument in some appropriate Banach spaces. We consider only the unstable case, since the stable one is
completely analogous.

Given k > 1 and a real-analytic function h : D" — C (see (3.5))), we define

(4.1) 12|00 = sup | cosh(y)™h(y)| + sup [(y® + 72 /4)*h(y)|,
yED N {Re(y)<—1} yEDM N {Re(y)>—1}

and given a function £ : D" x T — C which is real analytic in y € D2"%“, we define
||§||Z1,m,a Z 1L, [€ Hma
n>1
and the Banach spaces
Ema = {€: D" — C; ¢ is real-analytic in y, and [|€||;m,a < 00}
Etyma = {€: D" x T — C; £(y,7) is real-analytic in y and [|€]/s, m.a < 00}

Lemma 4.1. There exists M > 0 depending only on B such that, for any g,h: D" x T — C, it holds
(1) If ag > a1 > 0, then

1Plle2,m. -

M
Hh”éhm ay > M”h”él,m oy and ||h||€1,m,a1 < (

Ke)¥2—n
(2) If ar, a0 >0, and HgH@Lml,Oél? ||h||elam2702 < 00, then
||gh||e1,m1+m27041+0t2 < ”9”51,7?117041”h”flymz,wz'

This lemma actually applies to general functions 27w-periodic in 7, not just to odd functions. The proof
of this lemma is straight forward and we omit it.

Firstly to solve the linear equation £& = h, we introduce the operator G(h) acting on the Fourier coefficients
of h as

Z Gn(hy) sin(nt) Z Gn(hy)sin(nT) = ﬁ[g(h)],

n>1 n>2
with
y y
@2 Gl =-aW) [ G@mheds o) [ aEhid
0 —00
(4.3) Gn(hy) = — e Y /y e (s)ds + e eTiEY /y e (s)ds, n>2.
n n 2A,”/ . n QATL . n 9 -
where
sinh(y) V2 sinh(y) :
4.4 =227 d = 22229 (6y — 4 coth(y) + sinh(2y)),
(4.4) G(y) oty " G(y) 16 coshQ(y)( y — 4coth(y) + sinh(2y))
are linearly independent solutions of
. 3 h\2
E-c+ 2 00 (see @T)).

Remark 4.2. When —oo is involved in the above integrals, it should be understood that the integral is along
horizontal lines. As the integrands are analytic functions, integral paths may be modified to yield better
estimates in certain cases.

Proposition 4.3. The following statements hold.
(1) 9yI11(G(£))(0) = 0.
(2) GoL(§) =LoG(§) =¢.
(3) For anym > 1 and a > 5, there exists a constant M > 0 independent of € and k such that, for every
h€&nm.a,

1G1 (W11 02 + 104G (M1 oy < MBI,
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(4) For any m > 1, a > 0, there exists M > 0 such that for everyn > 2 and h € &y q,

1Gn (P) [, SM ”h”mm 10yGn (W)

ma*

2
3
”hHmm 10y Gn (Al < M 35 10y hllm o

The proof of this proposmlon is deferred to Appendix @ In particular, the last item indicates a gain of
an extra order regularity in 7 for G(§) compared to general solution to wave equations and an improvement
in the estimate of 9,G, (h) when dyh € &, o, which is a typical trading between the smoothness and the
smallness in problems involving rapid oscillations.

4.2. Fixed Point Argument. Now, we use Proposition to rewrite (3.3) as £ = G o F(§), where F is
given in . We analyze the operator
—GoF
defined on the closed ball
Bo(Re?) = {€ €€ | €leas + 10y€lle 1,4 < REP}
for some R > 0.

Proposition 4.4. There exists M, ko,e0 > 0, such that, if ¢ € (0,&9), R > 0, and k > lioR%, then the
operator

FEna13 D Bo(Re?) = Ep i
is well defined and satisfies

|02 (0) 1, 1.5 + 11020, F4(0) 1.4 < M2,
G2 (€) — FHE )Nl 1+ 1020, TFHE) — FHE 18 < g (16— € w5 + 19, — 0,8 1.8,
I F4(€) = FHE s + 10,T0 [F4(€) = F(€)] I

e = €M+ 10,6 — 0,8 ev.a) + 2 (T — €1+ 19,6 — €1l 1.5)

Notice that the above bounds on 92F%(¢) immediately implies those on F*(¢) as the zeroth mode is not
included.

Proof. First, we rewrite the operator F given in (3.2)), in order to make explicit some cancellations. Recall
that g(u) = u®/3 + f(u) is given by (1.11]). Then,

h h
F) = _ﬁg(sw(ﬁ-l-vh sinT)) + <(§1 'Z” ) B 3”45% _ i) sin T

— st gtete s otsinr)] + {1 (6 + o) sntr) + TE)) ]

e3w3 3

—53%1_[1 [f(Ew(§ + v" sin 7'))] + & _th)3 - SUZ§1 fl }SIHT

— —ﬁﬁ [g(EW(& + ’Uh sin T))] + {_1H1 |:(€1 + ,Uh)S Sin3 T+ 3(61 4 ’Uh)2 Sil’l2 Tﬁ[f]

3
+3(¢1 + ") sin7(LL[¢])? + ([E])? ] — 51 [f(ew(€ + v sinT))]
(€ + 0" 3vh51 &
+ 1 4}81117'

Therefore,

F€) = — g1 [glewle + o sinm)] + {m |~ (64 oG ] - (6 + ) o) )
(4.5)
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which implies

F(0) = —631)31?[ [g(ew(v" sinT))] — [f(ew(v"sinT))] sin 7.

Let g and f have the power series expansion

oo oo
1
u) = Zg2d+1u2d+la flu) = Zg2d+1u2d+1, 93 =3

with a positive radius of convergence. Using Lemma and Proposition one may estimate

102G F (0)[ley 1,5 S €2ITIF(0)¢,18 S &2 Z (ew)** 2| gaasa || (v sin )4, 18

2 o (w22 h o 2d+1 2 o (w242 h 2d+1 2
Y (5) lganll @ sinm) o gasrzen SN0 (2)T e 03 S <2
d—1 d=1

for reasonably large . In particular, in the above the operator 92 creates a Fourier multiplier of n? to the
mode of sinn7, which is cancelled by the A2 in the estimate of G,, in Proposition In order to obtain
the desired estimate on ||0yGF(0)||¢, 1,4, we also need

(o)
"(ew(vP sin 7)) (v") sinT = — 2(2(1 + 1) (ew)? 2 gagy 1 (v")??0, 0" sin®* ! 1

d=1

9y F(0) = —5279

which implies

10, F (0)lley 1.0 S Y (2 + 1) (w)* 2| gaa [[|(0") 24Dy 0" sin® T+ 7|y 10

w 2d—2 )
@d+1) (£)7 lgaaral | (0")20,0" sin®* 1 7oy 21 2av2

N
My 11 1

2d—2 h
@d+1) (2) lgaaralle"34
d:l

for reasonably large x. Hence the estimates related to || - [|¢,.1.4 estimate related to 9,GF(0) follows from
Proposition [1.3] Again, using Lemma [£.1] and Proposition [£.3] one may also estimate

G F(0) 13 S ITF(0)llss S D (£w)* 2 |gaas |l (") > s 5
d=2

2 o~ (W) 204 hy\2d+1 2 N h||2d+1
SEDPY(E)T a0 oo S )2 Y (2)7 lgzanl0 35 S €2

d=2 d=2
for reasonably large x. The estimate on 9,GII;[F(0)] is obtained in a similar fashion. The sum of these
inequalities imply the estimate on F#(0).
To estimate the Lipschitz constant of F¥, let &, ¢’ € By(Re?), we have

(Ew)?’ﬁ [g(sw(f + o™ sin 7)) — glew(& + v sin T))]

— T (6 + ") (sin ) (TTlE) — THIE) — (60 +0")2 = (& +v")?) (sin® )TT[E]]

10y (6 + o) (sin ) (I ~ FET?) — (60 — &) sinr)THIE?] — 3T [THle]® — Tl

1 oME — (€)Y & — (@)’ } .
(ew)? |

For any d > 2, m >0, a > 0, and (,¢’ € &, m,a, it is straight forward to estimate
16" = () llex,dmodac S AUICHE o + 17 m ) IE = s ma

I [f(ew(& + " sinm) - flew(E + ' sinr))] - 20 B
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where the constant is independent of d. Another useful inequality is

7| =
A

1€lley, 1.1 + 10y€llen1.2 S (58) T2 (I€ller, 1.8 + 10y€]les 1,4) S 1, €€ By(Re?).

Hence one may use Lemma [£.T] and Proposition [£.3] to estimate
102G[F (&) = F(ENMer1.8 S E¥ITIF(E) = F(E)ler. 1.3

oo
Se? Z(Ew)2d72\92d+1|”(5 + o sin )2 — (¢ 4+ o sin )2y 15
d=1
o0
W 2d—2 ' .
S e’ (E) 924+ (€ + v sin 7')2d+1 -+ v" sin T)2d+1|‘el,2d+1,2d+l
d=1

oo
W\ 2d—
<3 (D) sl €0+ 11 E €l
d=1

o0

_ W 2d—

w23 d(E) lgnaralle ~ s < w76~ € e
d=1

AQUI for k > R reasonably large. To estimates ﬁy_C? [F(&) —F(&')], in a similar fashion one needs to compute
10y (F (&) = F(€))llex.1.4

d(ew)? 2| gog 1] H (€ +v"sin7)2%(9,& + O sinT) — (€' 4+ v" sin7)24(9,¢" + 9, sinT)

S
l1,1,4

(]2 L[]

WA 2d—2 _ _
< d (;) |g2d+1] H &+ vP sin T)Qd(ﬁyf + 8yvh sin 1)

I
Il
—

— (& 4+ v"sinT)?%(9,¢ + 9" sinT)

£1,2d+1,2d+2

SIE =Ny an + 1046 — 0yl 12 S (58) 2(1€ = € ller 1.3 + 10y€ — 0yE ey 1.4),

where in the derivation of the third < we applied ||-||¢, 1,1 norm to all &, &', and v" and ||||4, 1,2 norm to all 9,¢&,
9,¢', and d,v". Along with Proposition [4.3[this inequality yields the desired estimate on O Q[ (&) — F(&)].
The G; component can be estimated much as in the above. In fact,

G IL[F(E) = F(EDIs + 9y GiIL[F(§) = F(EN1.a S ITLF () — F(EN]]

3,5

57(&10)3 | f(ew(€ 4 0" sinT)) — f(ew(& + 0" sinT))||e, 5.5 + T[E] — TE]|e,1.3
+ (€ller i+ NEN7 0+ 1€ e +1ENZ L OIE =€ Nlen s

where all the £, &', and v" sin 7 in front of € —¢’ were taken the |||/, 1,1 norm. The f terms can be estimated

much as in the above

@nf(ew(g +olsinT)) — few(€ + o sin))lr s

oo
S (ew)* gzt |(ke) "Y€+ 0" sinT) T — (€ + 0" sinT)* g, 20412011
d=2

K2 Zd *ggapalle = € lleas SETE=E e

for k > R reasonably large. Summarizing the above estimates, the proposition follows. (]

With the above preparations, we are ready to prove Theorem
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Proof of Theorem We claim that, if & is sufficiently large, then F* is a contraction on the set
S={¢ €& 15 IMEll1s + 10y [E] 10 < (1 + M)%e?,
ITELE] ey 15 + 1O, TTE e 10 < (14 M)} C Bo(Re), R=(1+ M)(2+ M),
equipped with the metric
[€lar = T[] 11,5 + 10, T [€)l11,0 + (1 4+ M) (T 1ey 1,3 + 110, TTIE] ey, 1,9),

where M is the constant from Proposition In fact, using Proposition it is straight forward to estimate
that, for any £ € S,

1+R
T [FH N5 + 10T FF (E)]ll.a <IIFF(0)ller 1.5 + 10y FF (0] ey 1.4 + M——Re* + M(1 + M)e*

( Lt R (1+ M)> < (14 M)2e>

_ - M

ITFHE ey 1.8 + N0, TFH(E)]ll ey 1.0 Sl\f’j(o)llel,l,s + 10, F#(0) ey 1.4 + EREQ
< (M+ AZR) e? < (1+ M)e?
K
and for any £,&' € S,

1 f( et 1+R M ! 7 ! 1

|FHE) — FHE ) < (M o T (1 +M)§ (M2 (€ = €113 + ITT[E = ENley 1,3 + 19T [E — Ell1a
+ 10,T1[E = €116y 1,4) + MTIE = & ]ley 1,3 + 10, TTE = €[, 1,4)

< (a5 e+ )l €l

Therefore our above claim holds if x is large and F* has a unique fixed point % € S C Bo(Re?). It
clearly satisfies all desired properties in Theorem Using that g given in (|1.11]) is an odd function, a
straightforward computation shows that the operator F in (3.2)) leaves invariant the subspace of functions
£ : D" x T — C satisfying Iy [€] = 0, VI > 0. Consequently, £ satisfies that IIy[¢%] = 0, VI > 0 which
completes the proof of Theorem ([3.1)).
5. THE INNER EQUATION: PROOF OF THEOREM

We look for solutions odd in 7 of the inner equation (3.9) as

(5.1) #° = Z @ sin(nT).
n>1

Replacing in , we obtain that
(5.2 @+~ ) 1L, [ 4 169 =0 1,

As explained in Section [3] we look for solutions of the form

(5.3) Oz, 7) = — ‘[’ sin(r) +¥(z,7)  with Y =0 (;) .
Then, by (5.2), ¥(z,7) = don>1 wn(z) sin(n7) must satisfy
o2, — S = -1y | S st u] - 22 eyt + S0 4 f ( 2V i) + w)

(5.4)

O2thn + pliby = 11, 3< 2;f2 ()—HZJ) +f< 2\[Zsm(7)+1/)> ,n>2,

where ' = d/dz, and p,, = vVn? — 1.
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We define the operators

5.5 2() = (9201 = Son ) snr) + X (020 + ) s

n>2

i;mﬂﬂﬁw}QVQ

, 3
- §<_2flsin<7>+w> —f( SEE >+w>

and notice that, for x = u, s, to find a solution ¢** of (3.9) satisfying (5.3) is equivalent to find a solution
1* of the functional equation

(5.7) I(y) = W(¥),

which satisfies ¢¥* ~ O(273) for z € D)’ m, * = u, s. In the remainder of this section, we look for solutions of
(5.7) with such asymptotics through a fixed point argument. As before, we consider only the unstable case,
since the stable one is completely analogous.

(5.6) W(y) = —1L n(7)y? + 1/)3

sin(7)

5.1. Banach Spaces and Linear Operators. Given o > 0 and an analytic function f : Du n_y C, where
D s given in 7 consider the norm

[flla = sup [=%f(2)],

zeDyn
and the Banach space

Xo ={f: Dy, N _, C; fis an analytic function and ||| < o0}

Moreover, for f : Dgy’:l x T — C, analytic in the variable z, we define
£ llexa =D N fallas
n>1

and the Banach space

X, o {f Dy, ™ % T — C; f is an analytic function in the variable z and || f||¢, .o < oo} .

Lemma 5.1. Given an analytic function f : B(Ry) — C, and g,h : Dy, M T — C, where B(Ry) € C is a
ball with center at the origin and radius Ry, the following statements hold for some M depending only on 0
and f,

(1) Ifa > B >0, then
Fllesas < o l1hlles

(2) If o, 820, and ||glle,.a [hlle, g < o0, then

19Pller.avp < llgllerallPller,p-
(3) Ifa=0, f,g € Xy and ||glle, 0, [|hlle,0 < Ro/4, then

1f(9) = f(W)ley.a < Mllg = Blley -

(4) Given n >0, if f*)(0) =0, for every 0 <k <n—1, and ||g|¢,.o < Ro/4, then

£ (Dler ma < M(llgller o)™
(5) If h € Xy, o (with respect to the inner domain D’ m) then O,h € Xy, o+1 (with respect to the inner

domain Dgé,%)’ and
10:hller,a41 < M Al o
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This lemma is proved in [3].
Now, define the linear operator acting on the Fourier coefficients of 1)

V) = Z In(n) sin(nt),

n>1
where
1 z
VA 1/)1 2 s34y (s)ds
(5.8) -

/ etns=2)y (s)ds, n > 2.

— 00

Tua)() = 5o / =) (s)ds —

See Remark [£.2] regarding the integral paths.

2ifn,

Proposition 5.2. Consider k > 1 big enough. Given o> 2, the operator (92) o J : Xy, a2 — Xey .o is well
defined and the following statements hold.

(1) ToZ(y) =ZoJT(¥) = 1.

(2) For any a > 2, there exists a constant M > 0 independent of k such that, for every h € X2,

17 (M)l < MP]lat2:
(3) For any a > 1, there exists a constant M > 0 independent of k and n such that, for every h € X,,

M
[T (Pl < /jg\lhlla-

Again the above estimates represent the gain of one more order of derivative in 7. The assumption o > 1
in the above last inequality ensures the convergence of the integral in the definition of 7, and also allows
one to adjust the path of the integral in certain ways.

Proof. The proof of Item (1) is straightforward. For J,,, n > 2 and a > 1, one can use the results in [3] to
obtain that for h € X, and z € Dy,

2% Tn(h)(2)] < Mn\lhlla

u1n

For Ji, taking h € Xy42, @ > 2 and z € Dy’ ",
a+3 h(s Zoz—2 z
R =| / e = [ misas

z |Z|O‘+3 z |Z|a—2
SM|[hlla+e Toarads + a1ds | < Ml]la+o-
oo 18] oo |]
The proof of the proposition is complete. O
5.2. The fixed point argument. By Proposition we rewrite ((5.7)) as
b=WHY),  WP=JoW.
where W is given by (5.6). In the following proposition we study some properties of the operator W.

Proposition 5.3. Given R > 0, for big enough k > 1, the operator W* : By(R) C X3 = X, 3 15 well
defined and the following statements hold.

(1) There exists a constant My > 0 independent of & such that ||02W#(0)]¢, 3 < M;.
(2) There exists a constant My > 1 independent of k such that, for every i,v¢’ € By(R) C Xy, 3,

1 - -
IWHw) ~ WA, , < Mo (KQW e + (T H[w]nel,g) |
(&) = m1(¢") = 0, then Furthermore,

o2 (Fpven ~ Tiwrw)||, < 220~ s

el ,3
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. 3 .
% <_2;/§Z sin(7)> ] —f <_2;/§Z sin(T)> .

Thus, since f(z) = O(z2®), it follows from Proposition that

Proof. W(0) is given by

W(0) = —II

5

—2V/2i
L YO)][ls <M H —— sin(7) <M,
Zl,l
2v/3i T —a2va ’
_ o /B 0/
< i — i < M.
HH[W(O)] 0,3 =M (H 2 sin(T) . 2 2 sin(7) Z 1) <M

Hence, from Proposition [5.2} there exists M; > 0 such that

[02W4(0)],, 5 < (02T (LVO)] sin(r))]],, , +

027 (ﬁ[W(O)])

) <.
01,3

To prove item (2) on the Lipschitz property, assume that [|9|l¢, 3, ||¢']l¢,,3 < R, and notice that

22 () (02— ()?)

+§0ﬁ—www%}$nv>—;ﬁ{(‘2“”smw»+w> —(‘Q“ZSmwv+w> ]

41,3

< a1 (Jmon, + [fipvio)

W) - W) = ~Th |~ sin?(r) (T[] - T ]) -

: :
f (2;@ sin(r) +¢> +f <2;@ sin(7) +¢'> .
Thus,
) -l < |G| i -aw,
+ ( 2*2@ sin(r)|| [+l g+ [0+ v+ w')?!lel,z) Il ="l 5

1Y =4"llg, 5

01,2

b —2V2i
/Of'< 2;/5 sin(T)+sw+(1s)w/> ds

< ([l - fiwr

1
S+ 6= V)

Ly,

and, recalling that g(z) = O(z3), we have that

! —2V/2i
/0 g ( 226 sin(r) + s+ (1 — s)1//> ds

M
=l 5.

Item (2) follows from the estimates above and Proposition

IN

[T ovw) - W)

1Y =4[l 5

41,3
41,0

IN

Proof of Item 1 Theorem[3.3 Much as in the proof of Theorem [3.1} we use an equivalent norm on Xy, 3

9]« 2= [|91 13 + 2Ma | T[] ley -
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Using Proposition [5.3] it is straight forward to verify that, with in the above norm for sufficiently large
%k > 0, Wt is a contraction on the closed ball of Xy, 3 with radius 3M7(1 + 2M>) with Lipschitz constant

K 2Mo(1 + 2M3) + % < % The unique fixed point 1% gives the unstable solution ¢%* in the form of

(5.3) which satisfies the desired estimates. Using the same arguments in the proof of Theorem one can
conclude Iy [y*] =0, VI > 0. O

5.3. The difference between the solutions of the Inner Equation. This section is devoted to prove
the second statement of Theorem We consider the two solutions ¢ of the inner equation (3.9) which
are given by (3.11)) and we study the difference

A¢(Z>7') = ¢0,u(z, T) - (bo,s(sz) = wu(ZaT) - ws(sz)a
for z € R.};‘,’j = D;’:} N D;Lfl N{z z € iR and Im(z) < 0} and 7 € T. For this purpose, we actually work

in,+
K

on (3.9) as an ill-posed dynamical system of real independent variable along Ry,

Remark 5.4. We are interested in the behavior of the difference in the connected component Rien}’:r of
Dg”:l N DZZ1 NiR because the change z = e~ 1(y — im/2) brings the origin y = 0 into z = —ie 17w /2 € Rigry’;j.

Let » > 1. We define

(5.9) 2= —ir, Wi(r)=¢(—ir), V,i(r)=0, (qb%(—ir)) + v/n2 —1¢° (—ir), n > 3.
That is 1
¢°(—ir,7) = Uy (r)sinT + T;) W(Wm_(r) —U,_(r))sinnr.

Then, equation (3.9) takes the form

(5.10) P2y — 108 = Fi (D)
’ 0V, = +Vn2 — 1V, 1 + F,(¥),
where

F(0) =[S (60° + 5(6%)] — (W Fa(®) =TL[3(6")° + 7(6%)], n>3.

Since %\Il‘f in the nonlinearity is isolated into the left side the , the cubic terms in F; do not include
U3, Note that by Theorem [3.3| we can restrict to the space of odd n’s.

Let U*(r), * = u, s, be the functions ¢**, * = u, s, expressed in the coordinates introduced in . We
are interested in ¥® — WU as r — +o00 where, since we shall consider certain local invariant manifolds/foliation
which are not necessarily analytic submanifolds, we work in the space {5 with the smooth norm

”\IJHZ = |“Ij1|2 + |8T\I/1‘2 + Z nQ(‘\IjnJr‘Q + |"Ijnf|2)
n=3,odd
and treat ¥y, 0,91, ¥V,+ as 2-dim real vectors. We also define
\ch = (\1/1787’\111)7 \Ij:i: = (\Iln:i:)zo:&

Part (1) of Theorem implies that ¥** do belong to £5 space.

It is easy to see that (Fi, F,) defines a smooth mapping on the ¢5 space. Due to both positively and
negatively unbounded exponential growth rates caused by the linear parts, is ill-posed both forward
and backward in r. However, after multiplying a smooth cut-off function based on || ||¢, to the nonlinearities
(Fy, F,), the standard Lyapunov-Perron approach (see e.g. [I3] [14]) still yields smooth local invariant man-
ifolds and foliations near ¥ = 0, including an infinite dimensional center-stable manifold W where
is well-posed for r > 0, the 4-dim center manifold W< C W and stable fibers inside W¢* transversal to W¢.

Center-stable manifold W can be represented as a graph of an odd mapping h°® as
Wes ={W, = h(U,U_) | |T.|, |[¥_|g <6}, R €C™ DIL*0)=0,j=0,1,2,
for some 6 > 0.

Normally Dh®*(0) = 0 is due to the tangency of W to the center-stable subspace. Here the extra
D?h¢%(0) = 0 comes from the odd symmetry of (5.10)), whose W can be constructed to be odd. Usually the
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center-stable manifold is not unique, however, each such local invariant manifold contains ¥**(r) as they
converge to 0 as r — 4-o00.

Inside W¢: 4-dim center manifold W° and the stable foliation. Inside the center-stable manifold
Wes | the gaps in the exponential decay rates imply that there exists a smooth (real) 4-dim local invariant
center submanifold W¢ C W also represented as a graph of an odd mapping h¢

We={UecWe*|¥_=h%V,)}, h°cC>™ Dh(0)=0, j=0,1,2.

Moreover, the invariant foliation theorem implies that each point ¥ on W belongs to a unique stable fiber
which intersects W¢ at a unique point ¥, (the base point of the fiber). Orbits starting on the same fiber
have the same asymptotic behavior as r — 400, up to an error of order O(e=2") as 2 € (0,+/32 — 1). This
invariant stable foliation induces a smooth coordinate system ¥ = F(\ilc, ‘if,) on W¢e*, where \ilc is the ¥,
coordinate of the base point ¥, € W¢ of ¥ and W_ is the ¥_ coordinate of ¥ — ¥,. More precisely, there
exists an odd stable foliation mapping hS(\i/c, \i/_) € R? such that

U= (U, U_, 0, )=1(V,, U_), where U, =W, + (U, U_) W_=h¢(T,)+T_, U, =hr(T, V_),
and
ht e C®, h*(¥,.0)=0, Dh*0,0)=0,

where the smoothness of h® is due to the lack of exponential growth or decay of the linear flow in the center
directions.

By Item 1 of Theorem and (5.9), the stable/unstable solutions W** satisfy lim, 4o ¥**(r,7) = 0
and therefore they belong to the center-stable manifold. Thus, we can express them in the stable fiber
coordinates,

(5.11) T (r) = D(TL, 0% (r)), T3 (r) = (T1°(r), 0,01 (r)),
and let ¥;"* be their base points
W) = DO, 0) = (D250, (B2 (1)) (825 () B (B2 (1)) ) € W,
which satisfy
[T (r) — W, (1) |le, < O(e™"), asr — +oo.
Lemma 5.5. U%(r) = ¥5(r).

Proof. From item (1) of Theorem and Lemma 0, U™ 3(r) have exactly the same leading order term
proportional to r~1sin7 with remainders of O(r=3) in ¢, metric and 8, ¥**(r) with remainder of O(r=%).
Since Dh¢(0) = 0 and Dh®(0) = 0, we have

O(r=2) 2[|WH(r) = US(r)lle, = [Ty (r) = T5(r)]le, — O(e™?") > 1I‘i’i‘(f") —Ui(r)| - O(e™?),
and thus
(5.12) (W (r) = s(r)] < O(r™?).

According to the invariant foliation theory, ¥;"*(r) are solutions to (5.10) contained in the center manifold
We, governed by the dynamics of their center coordinates W**(r). Let

(Bi(r), 8:1(r)) = Wi (r) = Wi(r), B(r) = S&P(T")S\‘i’?(r') — 30| < o0,
where (5.12) was also used. Substituting k¢ and h°® into (5.10)), using Dh(0) = 0 and Dh(0) = 0 along
with the leading order expansion of ¥**(r), and observing that the cubic nonlinearity F; (¥) does not contain
the term W3 in its Taylor expansion, we have

o2~ 35 = Gy =0 (5l o) <0 (2F).
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As in the definition of J; in (5.8)), a fundamental set of solutions of 8331 — %81 =0 is given by r~2 and r3.
Therefore the general solutions of the above equation is

2

3 r ~ r
3 -2 3’ G(s) 1 34
= + + — ds — — G(s)ds,
Bi(r) = ar Caor E /+ = 95 73 A s°G(s)ds

which implies

1B1(r) — c1r 72 — cor®| < (9(7’74B(7’)).
In the view of (5.12)), we conclude ¢; = ¢ = 0 and thus |31(r)] < O(r~*B(r)) which again leads to a

contradiction to the definition of B(r) for r >> 1, unless B = 0. The lemma is proved. O
Finally we are ready to prove the estimate on the difference between ¥ (r).

Proof of Item 2 Theorem[3.3. To complete the proof of the theorem, we need to estimate the difference
- - - - . - - +oo
Be = (Bn- )25 = 0L(r) = U(r) = (Vy_(r) = 05, _(r)) 5
between the stable components of the fiber coordinates of U**(r) given in (5.11). As ¥*-*(r) belong to the
same stable fiber, through standard calculations using the stable fiber coordinaNtes system I'(¥., U_), the
odd symmetry of the system (5.10]), one may compute the equation satisfied by ¥™*(r)
BN = AU 4 B (r, U™%), AV = (— /2 —19,.) "
and
F_(r, W) = IIF(D(U*(r), 0-)) = ILE(D(EE°(r),0)) = O(0—[le, (v + V- [17,))-

smooth on £y with r dependence coming from the presence of W%*(r) (recall that ). manifold W¢. Since
U™ *(r) decay exponentially as r — +o0, e‘/grﬂ, (r) satisfies linear equation of the form

0r (V¥ B) = (A+ VB)eVS B + A_(r)eV™ B, with ||A_(r)|p(ey) = O(r2).
As A ++/8 <0, the Gronwall inequality implies

sup {e‘/gTHB, (r)||g2} < 4o0.

Moreover, using the variation of constants formula, one gets:

V() = D ()4 [ AN A )V e

ro

Now, using that II3(A 4 /8) = 0 and (I — IT3)(A + v/8) < v/24 — /8 < 0, one easily obtains

+oo
lim. eV B_(r) = {eﬂroég_(m) + / Hg(A_(r')e‘/g’"'B_(r’))dr’] sin 37

To

Defining
RS A TR
T0
we have seen that

lim e\/gr[é,(r) — Cipsin3r =0

r—00
In fact, for r > 2rg > 1,

He\/grﬁ: (r) — Cinsin 37

12
T
_ H(I — 1l3) {6(7'—7'0)(14-1-\/5)6\/57'03 (ro) + / e(r=r")(A+V8) (I- Hg)[A,(r’)e‘/gT/ﬁ, (')|dr'
T0

<o(;)
£5 r

“+o0
- / T3[A_(r")eV® B_(r")] sin 3rdr’
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To complete the proof of Theorem we need to estimate eV (¢%* — ¢%) and 9, (e‘/g’“ (¢%" —¢%*)). From

the definition of the stable fiber coordinates I'(¥,, U_), recalling that ¥* = U2, and the cubic leading order
of h®%°% we have

W) = W) = B, [ 0) — W) = B () £ OB ()]) < O e ),
Going back from ¥ to the ¢°, the above estimate first implies, for Cj, = —%C’in,

|0~ (e\/grAqu(—ir) — Cinsin37) |, < ||e\/§’”(\lﬂi(r) -0 (r) — Cinsin37||e, + O(r~2) < O(r7h).
eV (Vé_l(\pz r) - \Ili(r)) ) - v )

Moreover,
1 1
ol=)1<0|=]).
2v8 2 52+ (7’2)_ (7'2)

Since A¢°(z) is analytic, the estimate on 0, (e\/g’"Aqbo(—ir)) implies the same estimate on 9, (ei‘/gZA(bO(z))
and this completes the proof of Theorem [3.3] O

18, (V5 AG° (—ir)) e, <

6. COMPLEX MATCHING ESTIMATES: PROOF OF THEOREM

As usual, we consider only the unstable case, and in order to simplify the notation, we omit the superscript
“u” of the solutions. Moreover, in this section, we use the domain ch,? " instead of Dy (see (3.10) and
(3-13)) but we work on the same notation for the norms and Banach spaces introduced in Section

Proposition 6.1. Let ¢(z,7) and ¢°(z,7) be solutions to (3.8) and (3.9), respectively. The function ¢ :
DTC,?U x T — C defined as

(6.1) p(2,7) = ¢(2,7) — ¢°(2,7).
satisfies the following differential equation
(6.2) Z()(z7) = (L(e)(2) + L)) (2) ) sin(r) + K(9)(z7) + Cmen (2, 7),

where I is the operator given by , L: Xy 0 = Xoga, L: Xeyao = Xaga, and K : Xp, o = Xy at2 are
linear operators and Cupep : D?C,?“ X T — C is an analytic function in the variable z. Moreover, II; o K =0
and there exists a constant M > 0 independent of € and r such that, for 0 < v < 1, € sufficiently small and
K big enough

(1) [T Gl < M= and |02 [Ccr]

) [LP)la+a < Mlielley,a5

2)
(3) [1L(P)late < M @llesar
4) 1K(@)llev.at2 < Mllglley,a, j = 0,1,2.

Proof. Since ¢ and ¢ satisfy (3.8)) and (3.9)), respectively, we have that ¢(z, ) satisfies
1 1 _1
(6.3) Rp—0ip—p=c"0— (6" = (¢")) = 5 f(wd) + f(¢"), w= (142

Now, recall that ¢(z,7) = ev(ir/2 + €2, 7), where v(y, ) = v"(y) sin(7) + £(y, 7), v" is given by (1.22)) and
¢ is given by Theorem An easy computation shows that

2v/2i

z

< Me2:

— )
1,3

e (im/2 +e2) = — + 1 (2),

where [; is an analytic function such that |I1(z)| < Me?|z|, for each z € DTCE“ Thus,

(6.4) o(z,7) = —Ziii

Using Theorem and y = im/2 + €z, we have

sin(7) + 11 (2) sin(7) 4+ e€(in/2 4+ ez, 7).

) 1
le0?&(im/2 + e2,7) 03 < 1078y, Tl 1,8 < M,

where || - ||¢, 1,3 is the norm introduced in Section
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Since Mk < |z| < Me¥~! for every z € DmCh “ it holds
2v/2i
02 <¢0(z, T)+ \Z[Z sin(r))

and using that 6,1, 16" .1 < M, £(2) = O,
5 (= (@) )+ S = —3

(6.5)

<M

f— 9

£1,3

we obtain from the Mean Value Theorem that
(62 + 660 + (6)7) o - w/ F(s6+ (1~ 5)6°)ds
(6.6)
= S Mhiglsin(r) — 5 Thle]sin(37) +L2(e) + (T [4))
where Iy 1 Xy, o = Xp, a4a and I3+ Xy, o = X, o42 are linear operators such that,
1l2(O)ler.ata < Mllelleyo and  |lls(@)lle;ar2 < Mllglle -
The proof of the proposition follows from , , and and by taking,
® Cuen = %0+ f(¢) —w ™ f(wg),
o L(p) =TI [l2(9)]
L

1 [l2(0));
() =TIy [1a(TT )],

o Kp) =Tt |- Shlelsin(3) +1a(e) + L(TEe)) .
(|

Let 2; = e (y; —in/2), j = 1,2, where y; and y» are the vertices of the matching domain DmCh"
given by (3.13). Counsider the following linear operator acting on the Fourier coefficients of h(z, T) =
> k>0 hakt1(2) sin((2k + 1)7).

(6.7) T(h) = Torsr(hoxi1) sin((2k + 1)7),

k>0
where

3 z z
Ti(h1) = %/ fa(s) ds — 1 hi(s)s3ds

52 522

s (2 3) [ o (24-27) [0

Toter (hapss) = /z hogy1(s)e #2kt1(s=2) ds /Z hoky1(s)ett2r+1(s72) ds
2o 2ifiok 41 2 2ifiok 11

sin(piok1 (22 — 2))  [* hopga(s)e”Harlom=)
sin(por41(21 — 22)) /2 2ipi2k 41
sin(pok1 (21— 2))  [*2 hopga(s)e”Har(om22)
sin(pory1(21 — 22)) /1 2ifl2k41
Observe that 7T is chosen such that Zo 7 = Id and T (h)(z;,7) =0, j = 1,2.
Moreover, consider the analytic in z function Q : DInCh “

7

ds

ds, for k> 1.

x T — C given by

(6.8) Z Qap41(2) sin((2k + 1)7),
k>0
which is defined using ¢ in (6.1)) as follows, where k& > 1,
1 1
Q)= 5—> (23(23%(22) - zip1(21)) — = (2251 (22) — 2%23@1(21))> :
2 T2

_ sin(uort1(z — 22)) sin(pok+1(2 — 21))
Qory1(2) = = ) — —
sin(por+1(21 — 22)) sin(por+1(21 — 22))
Observe that Q satisfies ZQ = 0 and Qog+1(2j) = war+1(25), 7 = 1,2.

<P2k+1(2’1 <,02k-+1(22)-
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In conclusion, observe that if h, $ : DTC,? i

I(@) = h7 @(Z]) = SO(Zj)a .7 = 1727
where ¢ is given in (6.1), then, we have that
P(z,7) = Q(z,7) + T (h)(2,7),
where 7 and Q are given by (6.7) and (6.8). In particular, as the function ¢ satisfies (6.2)) by Proposition
[6-1] it can be written as

(69 (1) = Q1 2)(= 1) + T (Coen(z:7) + (L(9)(2) + LT (2) ) sin(r) + K (¢)(2,7))

We use this expression for ¢ to obtain estimates of this function for z E DInCh "

Next lemma gives estimates for the operators 7 and Q given in and .

x C — C are analytic in z functions such that

Lemma 6.2. There exists 6 > 0 depending only on (12 (see -), such that, for k'™ < 8, the following
statements hold.

(1) The linear operator Ty : Xy — Xo—2o is well defined and
[Ti(M)lgg < M), a>4; [[Ti(R)|ly < M|logel||hl,, o=4.
(2) Fork>1 and h € X,, with o > 0,

M
T2kl < 75 llRll,
(3) Q satisfies

||Q1Ha <M (e(a—3)(’y—1) _|_€2+(0t+1)(’>’—1)> L a>2; H@?_ﬁ[g] < ]\4€(a—3)(“/—1)7 a>0.

«

Proof. Due to the assumption e>("=51) — ¢=562 £ 0, when ¢ is small, it holds

1
(6.10) jf%lgmmﬁHﬁfgﬁgMﬂﬂ k< |2 < Me™™Y, Wz e DR

1 [ Mhlla [* M||hllal22~, >4,

72/ h(8)83d8’ S H 2”@/ ‘S‘S_stg H || |Z‘ . «

522 Jz, 22 s, Mllogel[[h|[a|2[*"", a=4,
and, for o > 4,

—/‘ ]<Mwuﬁ/|PMw<MM|wa

Mlhllo, [* M|k ,eV—DE=a)
< ) h(8)83d8 S || 2” / |s|3—ad8 S H || € 5 S M||h”a|z|2_a
—21 121>/, ||

5 22 5 22
zle h(s) 3, |zl / 1
— —2ds| < M|k —d
_Zl ( )Ll 52 S‘ - || ||a <|Z| * ‘Z|2 21 |s|2+a i

|22 D(-l-a .
<Mwm($+zpeﬂml><Mmaﬁ,

Therefore,

where the integral fzzf was simply taken along the arc of the circle centered at —ixe. Hence, we finish the
proof of item (1) of the theorem.

To deal with the higher modes, we will see that
sin(por+1(2; — 2))
sin(por41(21 — 22))

In fact, recalling that |sin®(z)| = 3(cosh(2Im(z)) — cos(2Re(z))), we have

(6.11) <M, j=1,2,Y2zeDPM Vi1

sin(pop+1(z5 — 2)) ‘2 < cosh(2pok+1 Im(z; — 2)) + 1
sin(parr1(z1 — 22))| — cosh(2uarr1 Im(z; — 22)) — 1°
Since Im(z1 — 22) = K&~ ! and |Im(z; — 2)| < |Im(z1 — 22)|, we obtain (6.11).
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Assume that o > 0. For each z € DT?,?’% there exist 87,35 (depending on z) between (1 and B2 and
t5,t5 > 0 (depending on z) such that zp = z + e~"P2t5 and 2; = 2z + " #1)¢;. Thus, we have that

o
< / : ‘h%-&-l (Z + e*%ﬂ;t) ‘ e~ H2k+18in(B3t) 3y
0

t3 ,—Hok41 sin(B3t) h oo .
<lharnall [ 2kl [7 s snsiog
0o lzte « || 0

/h2k+1(3)67i#2k+1(57z)d5
22

< M||h2k+1||a.
Hok+1]2]®

Analogously, we prove that
M|lhoki1|la

frok+1lz]®

z
/ h2k+1(8)ei“2’“+1(s_z)d8 <

z1

and in particular, using that |z;| > M|z|, j = 1,2,
Mlhzktalla o Ml[Poks1lla

z1 .
/ hap 1 (s)e” 22 dg| <

2 T pokgr|2an]® T pokga]z]®
z
/ ’ h2k+1(8)eiuzk+1(s—22)d8’ < MHh2k+1||Ot < M||h2k+lHa.
2 f2k+1 22| f2k41]2]*
Hence,
M
(6.12) [ T2k41(h2k+1)la £ —5—lh2k+1llas k=1, a>0.
Hag41

Items (2) follows
To estimate Q, observe that using and ., one has

W2 )
sinT |,
z

where ; is given in (6.4)). Then, ||92b||s, 3 < M and |l1(z)| < Me?|z], for each 2 € DTC,?" Thus, from (6.10)),
we can see that

o(z,7) =11(2)sinT + b(z,7), with b(z,7) = e€(in/2 + e2,7) — ((bo(z,T) +

Q1 (21, 22) ()|

5 ( 3(2201(22) — 221 (21)) — ziz (252301 (22) — Z%’Zé’@l(zl)))‘

()] 4 [ (22)] + : (o)l + : Iz3] w(zm)

2 3
%[22

< + 2|za| + )
< ||z |22

IN

Therefore for o > 2,
191 (21, 22), < M <€(a—3)(7—1) + 52“"(044'1)(7—1)) ]

Finally, from (6.11)) and , we can see that, for > 0 and k > 1,

sin Z— 2z

' (/~L2k+1( 2)) aa-,Q—CPQk—H(Zl)*
sin(pag+1(21 — 22))

< ME?|I0 b I
< [TL2k41[0] I3 PRE

sin(por+1(2 — 21)) 4
- 20
sin(par41(21 — 22))

|Za5'392k+1(2’1,22)(2)| = 390216—#1(2’2)

< ME?||Map 41 [b]]3e PO,

and thus
102 Qa1 (21, 22)[la < M@0 a >0, k> 1,

which completes the proof of item (3). O
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End of the proof of Theorem[3.6 To obtain the estimates for ¢ stated in the theorem, we just need to
estimate [[¢[|¢1 2. From (6.9), and Propositions [6.1] and [6.2} we have that

lorlls = || Quer,20) + T (T [Conen] + L) + LTI |

IN

1911, 22)ll + Mllogel] (I [Coandlly + 120, + | ECTELD)|)

51,2>

el 2+ Hogel [Tl )-
172

IA

Mkl7+§Hmlw+M“%d<gwyﬂwmm+Hmﬂ

| 0g€|

< M< =7 4 37 loge| +
Moreover, since IT; o K = 0, we have that

211[ )

= 3 %2 02 ﬁ Cinc K
‘ h ‘ (21,22,0) + TT< [Cinen] + (@)) b
< ‘ Tﬁ 0 Q(z1, 22, ) + M (Hﬁ [Cmch]H + 1K (@), 2>
£1,2 01,2 ’
2
< MET+ 0401 (S 4ol )
<

M(1W+ﬁW1+umk)

Since k2| loge| is assumed to be small, it follows from multiplying the second inequality by 2M|loge| and
adding it to the first one that

loallz + M| log el |07TT[¢]le, 2 < 2M |loge] (177 +¥771) .
Finally, the estimate on 0, could be derived by differentiating the formula of ¢ with respect to z. Al-
ternatively, from Lemma 8.1 of [7], reducing the domain ch,? ™ (see (3.13)), with vertices y; and ys

such that |y; — i(m/2 — ke)| = &7, j = 1,2, to D$C2h,{“ DTC,?“ having vertices y; and g2 such that
ly; —i(n/2 —2ke)| =¢e7, j =1,2, nd 0 < ¢ < 1, we obtain that

M
1020: 011, 2 < —logel (17 + 7).

It completes the proof of this theorem. In order to simplify the notation, we make no distinction between
mch,u mch,u
DJr,m and D+ 2& . O

7. THE DISTANCE BETWEEN THE MANIFOLDS: PROOF OF PROPOSITION [3.12

7.1. Banach Space and Operators. We devote this section to prove Proposition [3.12] We start by
defining the functional setting. Given an analytic function f: R, — C (see Figure E[), we define the norm

ooy = sup {52 +72/4)" 2 (51m) py) |

YERk

and the Banach space
Xoexp ={f : R = C; f analytic, || flla,exp < 0}

Moreover, given an analytic function f : R, X T — C odd in 7 € T, we define the corresponding norm and
the associated Banach space

1Fller e = D IMakea [l aexp

k>1
Xoy aexp ={f : R x T — C; f is an analytic function in the variable y such that
Hl[f] = HQZ[f] = 07VZ Z O a‘nd ||f||€1,oz,8xp < OO} .

Finally, we consider the product Banach space

yZI,Z,exp = XQ,exp X Xél,O,exp X X&,O,expa
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endowed with the weighted norm

[(£.9: Wl 2exp = =111

The next lemmas give estimates for the operators and functions given in Section [3.3

2.exp 1 K|9le1,0,exp + KR le;,0,exp-

Lemma 7.1. The components of the operator P in (3.22)) have the following properties.

(1) For a = 2,5, the operator PW . Xoexp = Xoexp @5 well defined. Moreover, there exists a constant
M > 0 independent of € and k such that,
o For h € X3 exp, ||Pw(h)||2,e>(p < Me||h]2,exp-

o For h € Xs exp, [P (h)|2,exp < %Hh”&exp'
(2) For o > 1, the operators Pr.po . Xoyaexp — Xy 0,exp are well-defined. Moreover, there exists a
constant M > 0 independent of € and x such that, for every h € Xp, o exps

IPE ()1 0.ex0: 1P (M)l s 0,ex0 < et Il ey

(ke

Proof. We first prove Item 1. We take h € &}, 2 oxp and, recalling that #" has a a pole of order 3, we obtain
the following estimate for Im(y) > 0,

(%*\Im(y)|)|y2 +7r2/4|2i3h(y) /y }2((8))
o Vs

h(s)
i"(s)

A3
€

e ds ds

2 (3-1m)I) v
< /
ly? +m2 /4] Jo

A3 (m

CE(E W)y
§M|h”2,cxpy2+ﬂ_2/4/0 e = (2 | I ()|)|32+7T2/4‘d8
e%(%—lm(y)) Im(y) N
SMHM'?;GXPW/ |0’—7T/2|6_T(7—0)d0
Yy —im 0
A3

us

e« (%7Im(y)) 2e
< M||hl|2,exp————7— / ere Tedr

™

ly —im/2] F ~tm()
Me||hll2exp (€ ™ s e 7
< Zei2exp = 0 _ 2Im(y) ( = O
ST 2\, T2 ) e N T2
ly — im/2|

1
< Ml (3 +1) < Mellzong

Analogously, one can obtain the same estimate for Im(y) < 0.
For h € Xy, 5 xp, One obtains,

B(5-1m)l) v
23 (2 (Tm))|, 2 | 24025k Y h(s) e=\2 h(s)
e=\2 ly* + 7= /417" (y) | —ds| < ~ ds
o "(s) ly2 + 72 /4] Jo |9"(s)
2(5-1m@l)  py o~ 22 (5-1m(s)])
e ¢ 2 e £ 2
<My iy |, g i
< M||h||5’expef)\5—3|lm(y)\ /y 22 1m(s)] g
- KZSE?’ 0
M]||h||5exp
= K3e2

We prove Item 2 only for the operator P, since the result for P€ follows analogously. Let h(y,7) =
> k=1 hakt1(y) sin((2k + 1)7). We bound each component of the operator P as

* —22(5-1m(s)|
22 (2 Im(y))€__° R

° 52 4 w2/

A3

Y
Ph oy (hae)e S ETOD] < g [l /
Yy

A
i (=) | g

IN

do.

5 —KE e%(>\3|‘7\—)\2k+10—(>\3\ Im(y)|—A2k41 Im(y)))
Izt oo [
I

m(y) |02 - 7T2/4‘Oé
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Now, since the functions fi(t) = A3|t| — Aak11t are decreasing for t € R and k > 1, 0 > Im(y), and recalling
that a > 1, we obtain

5 —KE 1 M
|0-2 _ 7T2/4|ad0 < (Hg)oé,1 ||h2k+1Ha,exp'

A8 (7 _(Im
P§k+1(h2k+1)€%(7 [tm)1)| < Hh2k+1||a,exp/
Im(y)

In next proposition, we obtain estimates for the right hand side of equation (3.23]).

Proposition 7.2. There exists a constant M independent of € and k such that the following statements
hold.

(1) The operator M : Ve, 2,exp = Viy 2,0xp Introduced in (3.23) is well-defined and

- M
[[M (‘:‘17 F7 @):H 01,2,exp < ? [[(‘:‘17 F’ G)Hfl,zvexl) ’

Moreover, denoting M = (Ml,ﬂg,//\/lvg), we have that

— M _
HMl (:‘1>F7 9)) < EH:‘l 2,exp + Me <||FH€1,O,cxp + ”@”ll,o,cxp) ’

2,exp

M
<

= M .
< Sl zem + = (I, 00 + 1€ .exp) + 5= 2.3

H/f\/lvg (21,1,0)

Zl,O,exp
(2) The function A defined in [B.18) satisfies
M

A= (I-M)H0,Zr(c), Zo(d)) and [A — (0,Zr(c),Zo(d))]e, 2exp < - [(0,Zr(c), Zo(d))]e, 2.exps

where Ir(c), Zo(d) are the functions defined in (3.21)) and (3.24).

Proof. Assume that (21,T',0) € Yy, 2exp. To estimate the first component of M, using the estimates for
my and My in Proposition and Lemma for the estimates on PW,

)HZ,exp + ’|PW (MW(F’ @)HZ,exp

H/T/ﬁ (1, T, 9)” < [PV (mwEs
2,exp
M -
S 52? ||mW‘:'1H5,exp + M€ ||MW(F7 @)||2,exp
M -
< 5 11z e + M2 (I, 00 + 1011y 0 -

Now we estimate Mvz. The estimates for Mvg can be done analogously. Using as before Proposition and

Lemma [7-1]

(= r = r
[#e@ro, S 17" sl g+ [PF Mosel O],y
M _ M
< @ ||mosc:1||z1,3,exp + E HMOSC(F’ @)”zl,z,exp
M M
= KT€ H:‘1||€1,2,exp + ? (HFHZI,O,eXp + ||®||£1,O,exp) .
Item (2) of the proposition is simply a direct consequence of item (1) and (3.23]). O

The rest of this section is devoted to estimating (0,Zr(c), Ze(d)).

1
Lemma 7.3. Toke xk = 2—| loge|. There exist eg > 0 and a constant M > 0 independent of € such that,
3
for each ¢ € (0,g¢),

M
~ e|logel|’

2 . .
Ir(c) — %C’ineﬂ%(y—”ﬂ) sin(37) )

Qg —— . .
To(d) — ﬁcine’%z(yﬂﬂm) sin(37)
£1,0,exp €

£1,0,exp
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Proof. From Theorems and (see also (3.7)), the function A given in (3.14) can be written as
1 —m/2 1 —m/2
Aly,7) = —¢* (y :T/ ,T) - —¢° (y :T/ ,7)

€ €
1 —am/2 1 —am/2 1 —am/2
N (yW/T) + L (yW/T> L (ym/7>
€ € € € € €
1 . yix —m/2
—  le—imgti2 (Cin sin(37) + x <yz7r/’7_)>
€ €
1 —am/2 1 —am/2
R (@/W/T> Ll (ym/7>
€ € € €
1 o y—in/2
= G sin(3r) + BY (y.7) + B (5,7),
for every y € RY . = DTC,,? N ch,? *NiR and « satisfying assumptions in Theorems and @, where
Ef , E; : Rmen,x X T — C are analytic functions in the variable y. It follows from Theorem |3.3| that
. —in/2 . y—in/2
Me= s = | M|e=tns "= |
7.1 o, E+ <2 " 1 und |0,EF cHe - c
( ) H 1 ||€1(y> — |y—z7r/2| an || Y1 ||€1<y) — |y*Z7T/2‘2 )
and from Theorem choosing v = 1/2, we obtain
Me®/?|loge]| Me'/?|loge]|
7.2 QZES < ————>— and |020,Ey < ——1—_
( ) || T2 ||€1 (y) — ‘y o Z7T/2|2 an || TYYH2 Ilél (y) — /<c|y _171_/2|2
Analogously, since A is real-analytic one can deduce that for y € R, . ={2:7 € R:;Chﬁ},
11— i YT/ _ -
Ay, ) = gCine < sin(37) + E{ (y,7) + E5 (y,7),
where E; (y,7) = E;.“(g, 7), which satisfy
M HEE2 Mo EEE2
0-E7 < d |o,E; < -
H 1 ||€1 (y) = \y—i—m/?\ an || Y1 H€1 (y) = |y +Z7T/2|2
Me®/?|loge| Me'/?|loge|
02Ey <———>2" and ||0,F; < — =0
|| T2 ”51 (y) — |y+l71’/2|2 an || Y2 ||€1 (y> — /ﬂ?|y+’L’/T/2|2
Using (3.17) and recalling that A3 = uz + O(g?), we obtain that for (y,7) € ’Rli'lch’ﬁ x T,

D(y,7) = > (Aaks182k41(y) + 160, Aoy g1 (y)) sin((2k + 1)7)
k>1

y—imw/2

9 .
:%Cﬁne_lm “2 (14 0(£?)) sin(37)

+ > Nowallopgr [Ef + Ef | sin((2k + 1)7) + iell [0, B + 0, Ef | (y. 7).
E>1

Moreover, using ([7.1)) and ([7.2)), we have that

> dewrallopgs [Bf + B | sin((2k+ D7)\ (y) <M (10, B [l (9) + 107 B3 [l (9))

k>0 01
L y—in/2 .
ipgumin/2 3/2
iy le ' | L |_10g5\2
R
L y—im/2
= gles ™| €¥?|loge|
I a E+ a ‘E'Jr <M ’
Hzg [y 1 T 0y 2] ’ (y) < ( ly — in/2)2 +H|y_i7r/2|2
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Then, for (y,7) € R

mch,x

x T, I satisfies
2 in/
I(y,7) = 53 Cipe a2 sm(ST) + Bt (y,7),

where EJr R

mehx X T — Cis an analytic function in the variable 7 such that

—ips Y= | 63/2“0 3
B <umf(l 5.
&, @ < ( =i/l g /2P

Proceeding in the same way for the function

O(y,7) = Y (N1 Aak41(y) — i€y Dok (y)) sin((2k + 1)7),
k>0

we conclude that there exists a function Eg : R X T — C analytic in the variable y such that © can be

written as

mch,k

ytin/2

9 A
Oy, 7) = %C’ine”‘3 = sin(37) + Eg (y,7), for (y,7) e R_

x T

mch,x

and

+i 77/
_ |eirs ® | &%/?|loge]
E , f eER_
H @H@l (y) — ( |y+l77/2| |y+z7r/2|2 ory mch,x*

Now that we have good estimates for the functions I’ and © in the domains RE
functions Zr(c), Zg(d). Recall that Zr(c)(y™) = T'(y*). Therefore

meh W analyze the

2 2 . .
TIr(c) — 8 e w=in/2) sin(37)|| (y*) = |- 1 et w=in/2) sin(37)|| (yh)
13 El € 41
_ - +
= &, )
yt—in
< M et == | €3/ loge]
- lyt —im/2[ |yt —im /2
—H3K 3/2
< m(€ g | log ¢| 7
Ke K2e?
and notice that, from (3.21]), we have that
2 2
Ir(c) — ﬁCme_Z*(y /2) sin(37) = ’Ip(c) MSC e~ i v=in/2) sin(37)|| (y),
€ £1,0,exp y2
1
and thus, taking k = W log(e~1), we have that
3
2 (As—pu3)k 3/2 1 Ask M
‘IF(C) _ ﬁci 6717(11 im/2) sin(37) <M <6 + e/? (;g;:‘e > < '
€ 01.0.0xp Ke K%e e|loge|
The estimate on Zg(d) follows analogously and it completes the proof of the lemma. O

Proposition [3.12] follows directly from Proposition [7.2] and Lemma [7.3]

8. NON-EXISTENCE OF SMALL BREATHERS: STRONGLY HYPERBOLIC CASE w € Jk(Eo)

This section is devoted to proving statement (1) of Theorem that is the results for the case w € Ji(go),
k > 0. The other case w € Ix(go) will be proved in Section@ The oddness of u in ¢ is not assumed in these
two sections.

For any w € Ji(eg), k > 0, we adopt the rescaling 7 = wt and the nonlinear Klein-Gordon equation
turns into the form of . Treating x as the dynamic variable and recallint that u is 2mw-periodic in T,
the unknown u(z, 7) can be expanded in Fourier series

o0
u(z,7) = Z U (2)e™7 ) Uy = T

n=—oo



SMALL BREATHERS OF NONLINEAR KLEIN-GORDON EQUATIONS 53

(Note this Fourier series is different from the rest of the paper by a ratio of —% The latter was adapted so
that u, is the real coefficient of the Fourier sine series when u is odd in ¢.) The eigenvalues of the linearization

of (1.10) at 0

O*u — w?Pu—u=0

are *+v,, where

(8.1) Up =V 1—n2w?

and their eigenfunctions can be calculated using the Fourier series. The hyperbolic eigenvalues correspond
to 0 <n <kand

€0 \/2]€+1
ki ktl

while the center eigenvalues correspond to n > k + 1 and

)

(8.2) ugz...ZVk€<

(83) Vp = Z‘19n, 0 S "9k+1 § ﬂk+2 S P

Let W2 (0), x = ¢, s,u, denote locally invariant center, stable, and unstable manifolds of 0 for the equa-
tion in the energy space H! x L2. Their existence and smoothness follow from standard arguments
(see [I4] for example) since the nonlinearity g(u) : H! — H2? < L? is analytic. Due to the uniqueness,
Wx(0), x = s,u, are also obviously the local stable and unstable manifolds of 0 in the ¢; based phase space
(u,9,u) € X defined in (2.1). Clearly dim W2 (0) = 2k + 1, x = s,u, while W5(0) is of codim-(4k + 2).
Statement (1) of Theorem for the case of w € Ji(eo), k > 0, will be proved by showing a.) some uniform-
in-k-and-w estimates on the size of W*(0) in ¢1, x = s, u, where the norm is dominated by the energy norm,
and b.) no solutions converging to 0 along W<5(0) C H! x L2.

e Estimates on the local stable/unstable manifolds for w € Ji(gg). Usually the sizes of the local

stable /unstable manifolds in phase spaces are determined by the power nonlinearity and the minimal absolute
. o o .

value of the real parts of the stable/unstable eigenvalues, which is vy > Jiia according to (8.2)). We prove

the following proposition on a lower bound of the sizes of W (0) in X.

Proposition 8.1. There exists p, M > 0 such that, for any g9 € (0,1/2), w € Jx(e0), k > 0, there exist
Q% Q% : Brars1 (0, prg) — X, where Bgaxt1 (0, puy) is the ball in R**+1 centered at 0 and with radius pvy,
such that, the image Q* (B]R2k+1(0,pyk)) is an open subset of W*(0), x = s,u, and

Q°(0,7) =0, [1Q(a,") = (@ )lle, + v '195(a, ) — Q5@ ) ey < My(lalf + |af)la - al
where
k . k .
Q*(a,7) = < Z ane™™ 4+ Q5 (a, 1), Z (Fvn)ane™ + Q;(a,7)> ,
n=—k n=—k

and a and a are parameters of (2k + 1)-dim (real) satisfying

k
(8.4) a=(a_g,...,ax), an €C, a_p,=a,, —-k<n<k, Jaf;:= Z lan| < pvg.

n=—k

Here we identified complex numbers a,, with 2-dim real vectors. These * can be viewed as coordinate
mappings of WZ(0). They can actually be proved to be analytic in a, but our main focus here is the sizes of
their domains and the error estimates.

We use the classical Perron method and will only outline the argument to prove the proposition for the
stable manifold. Consider the following Banach space

Es ={h:]0,400) x T — R; h is analytic in z, and ||h|,, ¢ < oo},

where
HhHVk,El = E IAnlly, and |hally, = Sg%‘eywhn(x)‘v
(-

n>1
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and define the linear operator S acting on the Fourier modes of a function h(z,7)

(8.5) Z Sn(hy) sin(nT),

n>1
with

Su(h) = —— (

2up,

/ e @) p(s)ds — / e_l’"(z_s)h(s)ds> for 1<n <k,
0

+oo
Sn(h) = / (0@ =5) ) as  for n> k.
+00 Un
where we recall v,, = it,.
Note that we are including in Ji(gg) the case w = 1/(k + 1). For this value of w, one has that J;11 = 0.
In this case, one can take the limit 9511 — 0 in Sg41(h) to obtain

Ski1(h) :/m (z — 8)h(s)ds.

“+oo
We also define the function

E(a,x,7) = E Qp e vnatinT

n=—k
where a = (a_g,...,ax) are parameters satisfying (8.4). One can check that a solution wu(z,7) of (1.10)
belongs to the stable manifold of u = 0 if, and only if, it is a fixed point of the operator

S(a,u) = E(a) + 8(g(u)),

for some a as in (8.4), where g is the nonlinearity introduced in (1.11]).
The following lemma is a direct consequence of the particular form of the operator S in (8.5) and the fact

that the function g is of order 3 near u = 0.
Lemma 8.2. There exists M,r1 > 0 independent of k > 0 and w € Jx(egg) such that, for any 0 < r < rq
and a € R**+1 the operator S : B(0,r) C £s — Es is a well-defined Lipschitz operator which satisfies

3 ~
:S(a,u)

= Mr
S]], <lah+=z |
and its Lipschitz constant on B(0,r) satisfies

M 3
< |a|1—|—Tr, Vu e B(0,7) C Es
&

Vi, b1 k Vi1

M2 M2
Lip,(S) < —5—, Lip,(8,8) < ——.
vy, Vi

Consequently, there exists p > 0 independent of k > 0 and w € Jx(g¢) such that, for any a € Brar+1(0, prg),
by taking r = 2|aly, there exists a unique fixed point h.(a) € B(0,7) C Es of S(a,-) which also satisfies

h«(a=0)=0 and
< My *(lalf + [ali)la — al

[(hs(a) = E(a)) = (ha(a) = E@)]],, ,, <
|}a$( «(a) = E(a)) = 0, (hu(@) = E(@)) |, ,, <My (lal? + [alD)]a — |y

Let
Q%(a,7) = (he(a,0,7),0:hi(a,0,7)).
The conclusions of Proposition follow from standard and straight forward arguments.

e Nonexistence of decaying solutions on the center manifold. Recall that, when x is viewed as the
dynamic variable, the nonlinear Klein-Gordon equation (1.10) conserves the Hamiltonian H(u, 0yu) where

1 1 1
H(ug,uz) = / §u§ + = (8 uy)? iu% + Eul + F(uy)dr

is smoothly defined on the energy space H! x LE. Let W5(0) be a center manifold of (0,0) for (1.10). The
following lemma holds for all w > 0, not just those in Ij(gq) or Jx(go).

—T

Lemma 8.3. For any w > 0, (0,0) is a strict local minimum of H restricted on its local center manifold .
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Proof. There exists unique k > 0 such that w € [1/(k + 1),1/k). Let Y¢, Y" C H! x L2 denote the center
and hyperbolic subspaces of the linearization of (1.10) at (0, 0)

Y= {(ur,us) € H x L2 | uj(r Z €™, Uj_y =,y 5= 1,2},
In|>k+1
Yh {(Ul,’LLQ | u] Z Uy, ne 7 Uj,—n = Ujn- Jj= 1a2}'
Inl<k

Locally W£(0) can be represented as the graph of a smooth mapping v¢(u1, uz) from a small neighborhood
of (0,0) in Y€ to Y. Due to the lack of quadratic nonlinear terms in (1.10), 7¢ satisfies

e (ur,uz) = O(Jlua g + [luzlZz)-
Due to F(u) = O(|u|®) for small u and the orthogonality between Y¢ and Y, for small (uy,us) € Y¢,

H((ul,uz) —|—7c(u1,uz)) Z/ﬂ- 1

—u2 + (8 up)? —

1 1
: - Ui+ ﬁu%drw(uuln% + uzl2)

2
_*||U2|lL2 +7 Z Untl i+ 5 ||U1||L2 = O([ua |l + lluzllFz)-
In|>k+1
Ifw## %4—17 then there exists 6 > 0 such that

2

5
>0, Vn| > k+1 = Z Intd > ol

2
1 + n=k+1
Therefore in this case (0,0) is clearly a non-degenerate local minimum of H on W5(0). If w = %ﬂ’ then
U+ (k41) = 0 and there exists 6 > 0 such that
o5
>0, Vn| > k+2.
14 n?
Let _
U = Z up()e"”
[n|>k+2
and then we have
. 1 d, . 1 -
H((ur,u2) +9° (w1, u2)) 25 lluallZe + Sl + - lunlze = Ol + s o] + llu272).
Again (0,0) is clearly a strict local minimum of H on W£(0). O

Due the conservation of H, we immediately obtain

Corollary 8.4. For any w > 0, (0,0) has a locally unique center manifold W5(0) and is stable on W5(0)
both forward and backward in x. Moreover, except (0,0) no solution on W£(0) converges to (0,0) as © — +o00
or —00.

Finally we are ready to complete the proof of statement (1) of Theorem

Proof of statement (1) of Theorem[1.3 Let g € (0,1/2), k > 0, and w € Ji(o). Since the | - ||, norm
is invariant under a rescaling in 7, we can work on equivalently. Without loss of generality, assume
u(x,7) is a solution such that (u,d,u) converging to (0,0) in H: x L? as x — +o0. Such a solution must
belong to the local center-stable manifold of (0,0) for z > 1. Tt is well-known that the center-stable manifold
is foliated into stable fibers based on the local center manifold W2(0) (for example, see [I3]). The dynamics
of all initial data on each fiber is shadowed by that of the based point on W5(0). According to Corollary
no non-trivial solutions on W£(0) converges to (0,0) as x — +o00, the based point of the decaying solution
u(z,7) must be (0,0) € W5(0) and thus it belongs to the stable manifold W2(0). From Proposition
locally the stable manifold W3(0) = Q° (Bgae+1(0, pry)) and QF is a small perturbation of the isomorphism
(E(a), diag(v—, ..., v)=(a)). In the coordinates (a_p, ..., ay), the dynamics on W(0) is governed by

da

e = (DZ 4 D, (a, ))_1(—diag(1/_k,...,1/ )E(a) + Q(a, ) = —diag(v_, ..., vk)a + O(vkp?|alr),
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Aflﬂ{x1:~-~:xk:0}

FIGURE 11. Parameterization of the local stable manifold W7 (0) by uioc-

where the estimates on 2] and Q3 given in Propositionwere used. It is straightforward to prove that,
as z evolves backwards, every solution on W2 (0) must exit through its boundary where the u; component
(corresponding to u(z, ) itself) satisfies |luy|ls, > 3pvi. Finally statement (1) of Theoremfollows from

1 3 : 1
Vg 1 2 2 5 k2 k 2 o .
—=(——-k > k(k - > - > — ifk>1
OJ% (w W) —( ( +€O) k’+€g Z €0 k+€(2) =9 1 = 1,

and o =1if k= 0. O

9. BIFURCATION ANALYSIS FOR w € Ij(eg)

We devote this section to the proof of Statements 2 and 3 of Theorem[I.3] that is the statements concerning
w € Ii(gp). For such w, there are two pair of (weakly) hyperbolic eigenvalues along with 2k — 1 pairs of
stronger ones (see (8.1))). Our strategy is to reduce the problem to w € I;(g¢) and u(z,t) odd in t.
We analyze the birth of small homoclinic loops taking
1 1

w = W with k>1 0<5<€0<7

We expand the (real) solution u(z, 7) to the nonlinear Klein-Gordon equation ([1.10]) in Fourier series in 7 as

+oo .
u(xaT) = Z <_;> un(y)emTv Uy = —Up,

n=—oo

l\D

where the —i/2 factor is simply for the technical convenience that, if u(x,7) is odd in 7, then u,(y), n > 0,
coincides with the coefficient in its Fourier sine series expansion. Subsequently (1.10) is equivalent to a
coupled system of equations in the form of

(9.1) OPup = viu, — 1, [g(u)], n€Z,

where II,, is the projection from u(7) to the n-th mode u,, as in the above expansion and

92) vp=V1-n2%2 1=vy>.. . >vp=clk+c>)72, vp=i0pn, Vps1 <Vppo<...,n>k+1,
are same as those in and . In particular,

(2+&2)k —52k+1

9.3 W
(9.3) T k(k+e?) TN TRkt e2)

Linearizing at v = 0, clearly |n| < k corresponds to 2k + 1 pairs of hyperbolic directions, and |n| > k + 1
to codim-(4k + 2) center directions. From the same argument as in the proof of statement (1) of Theorem
(see Section [8) based on Lemma [8.3] a solution u(z, 7) satisfies ||(u, du)|x — 0 as 2 — Foo if and only
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if (u,dyu) € WX(0), *x = s,u. Hence we shall focus on the estimates of the sizes and the splitting distance
between W% (0) and W£(0).

9.1. Estimates on the local stable/unstable manifolds for w € Ij;(¢y). For a semilinear PDE like (9.1)),
the standard theorems (see, for example, [14]) yield the existence of smooth local invariant manifolds W2 (0),
* = §,U,C,CS, cu, in the phase space X defined in . There are two issues, however. On the one hand,
usually the sizes of the local invariant manifolds are generally determined by the gap between the real parts
of the eigenvalues. While v,, > k™2 for |n| < k — 1, the weakest stable/unstable eigenvalues vy, = O(ck™2)
of are too small for the analysis of possible breathers of amplitude ||ull;, = O(k~2). On the other
hand, the “angles” between the stable and unstable eigenfunctions in X of can be rather small for
n ~ k. In this subsection, we shall outline the construction of W (0), x = s, u, with desired estimates based
on the specific structure of 7 or equivalently . Essentially our strategy is to construct W2(0) as
the union of strong stable fibers based on a weak stable manifold.
Observe
Z, = {(ul,ug) e X |u;(r) = Z (—;) uj_,kne”’”” = Zuj,;m sin(knt), ujrn €R, j= 1,2} ,
neZ neN

is an invariant subspace under , or equivalently . Any such solution u(x,7) is odd and actually
2%—periodic in 7. Let

. . v 1 .
e<eg, T=kT, w:kw:(1+£2) 2, Yy =¢Ewx, uU=Ewv,

=

E=k~
then v(y, 7) is 2m-periodic and odd in 7 and satisfies

1 1 1 1
2 2 3 ) —
8y’U — ga;v — %U + gU + %‘f (EWU) =0.
Note that this is in the form of (1.15) with & = 1 (and note that 0 < € < ¢ < gg). Therefore for any
Yo € R, there exists g9, M > 0 (independent of k) such that, for £ € (0, &), Theorem applies to imply the
existence of the unique odd-in-7 stable and unstable solutions v}, (y, 7) of (1.10)) such that (v}, ,0,v5,) € 2o
and

o0 Jom (o) - () =)

for y > —yo for x = s or y < yp for x = u. One notices that we replaced 92 in Theorem which does
not change the estimates as v}, (y,7) are odd in 7. Moreover 0,11 [v}, (0,-)] = 0 and they satisfy the
exponentially small splitting estimate at y =0

2v2
< M§2vh(y), where vh(y) = v2 ,
0 coshy

_ V3
Me™ 3

< — .
6~ Elog(é)!

V2r

(1= 02 = 13 (ot = v + 820, (0isc = 131 ) 0,) — 22Che™ % sin37

Moreover, there exist solution v(y, 7) in Zy homoclinic to either 0 or its center manifolds, which have bounds
in terms of the values of their Hamiltonian H. From the estimates on the splitting and the inf A in Theorem
these orbits satisfy

— 1 N g _En
(9.5) 1= 02 = & 1E 0 = vl oy + 1000 = Va2 my < ME2 T,

for y > —yp with x = s and y < yo with x = u. When Cj, # 0, a lower bound of the same order also holds.
We rescale and obtain the unique stable and unstable solutions

uty(x,7) = Viewvr, (Vkewsz, k).

of (1.10) such that (u},,0uf,) € Z, for any € R. For any x¢ € R, there exists €9, M > 0 independent of
k such that, for € € (0, ],
ul, (x,7) v (evkwz)
1-— ii?z Wk* T - k i k
( 7207) ((% Vhew (") (eVkwz) S

(9.6) < Mk 28w (eVkwa),

£1
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i

FIGURE 12. We construct the stable manifold W (0) as the union of the strong stable fibers based on the weak
stable manifold formed by the solution uy,, (and its 7-translations), which lives in the invariant subspace of 27 /k-
periodic-in-7 functions. We proceed analogously for the unstable manifold W (0).

wk

WE(0

for x > —ﬁ for x =sorz < ﬁ for x = u. Moreover 0,II;[u}, (0,-)] = 0 and they satisfy the
exponentially small splitting estimate

HWO — W20 —1]3 (uly, — uly) + i(Dpuly — O, uwk))( ) = 4V2Cie” 2 in 3kt

R
6~ Slogk —loge

Since 0 < 1 — (kw)? < %7 the stable and unstable solutions prove statements (2a-b) of Theorem The
existence and estimates of generalized breathers (in Z,) follow from the same rescaling and thus statements
(2¢) and (3a) of Theorem are also proved. In fact, rather than going through Theorem it is more
direct to deduce statement (2) of Theorem [1.2] from and (9.5).

We shall prove statement (3b) of Theorem in the rest of the section. The translations (in 7) of
these solutions (ul, (z,- + 6),0,ul, (z,- + 0)) form locally invariant weakly stable/unstable 2-dim sur-
faces, parametrized by = and 0 € R/ (%’TZL of the nonlinear Klein-Gordon equation , or equivalently
(9.1). It is worth pointing out that (ul, (z,-),0zul,(z,-)), * € R, corresponds to only one of the two
branches of the 1-dim stable/unstable manifold of in Z,, while the other branch corresponds to
(—uly(z,-), —0zul,(z,-)). When x = £o0 is included, the 2-dim surface generated by the translation in
7 does include the other branch, when 6 = 7, and form an open neighborhood of 0 of the stable/unstable
manifolds in Z,. Obviously they are submanifolds of the (2k+-1)-dim stable/unstable manifolds and actually
we shall construct the latter based on these weak ones (see Figure [12)).

Proposition 9.1. For any yo > 0, there exist g, p1, M > 0 independent of k and w, and mappings for
e € (0,e0),

¢* = (¢i(5,0,0),(2(5,0,0)) € X, O€R/(ZEZ), §=(01-p,...,06-1) €CHFL 6, =—6,, |61 < o,

for s € (f E\%w,Jroo], if*x=sand s € [foo, Ef}%w) if x = u, such that

IL[G] £ vl [¢]] =0, Vin| <k —1, x=u,s; H_,[¢*] =IL[*], VReZ; (*(s,6,0)=0
1G5 (5.6.6) = ¢ (5,0.0) ey + VEIICS (5,6,0) = G5 (5.0,0)lley < M(e + Kl8[F + KI[3)[3 — 1,
and the images of £*(s,0,0) is an open subset of W3 (0) C X where
€°(5,0,0) = (£1(5,0,0),£5(5,0,0)) = (ugac(s, +0), Douiu(s, - +0)) +="(8) + ¢*(5,0,9),
=Z4(0) = Z (—%) 5, (1,41,,), *=u,s.
I <k—1
Moreover, the orbits on W3 (0) takes the form & (x + s,0,8(x)) with

M
> 10500 F vndn| < —=(2 + KIS0, *=1u,s.
In|<k—1 vk

Remark 9.2. By including s = too, where u}, (£00, ) = 0yul, (£00, ) = 0 for x = s, u, the images of £* do
contain a whole open neighborhood of the zero solution in the stable/unstable manifolds W (0) C X. In fact,
&*(£00,6,8) become independent of 6 and give the (2k — 1)—dimensional strong stable/unstable manifolds
corresponding to the eigenvalues vy, |n| < k — 1. In the (s,9) coordinates on the invariant manifolds
wWx(0), the PDE corresponds to a vector field whose s component is always 1 and the § components
depend on s and § which is a small perturbation to +v,0,. The following proof could be carried out in the
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spaces with high regularity in T such as (1+19;|)"NX for any N > 0 and thus the local invariant manifolds
Wx(0) € (1+10-])~VX enjoy the same properties. The smoothness of C* in s and 6 is also true, for which
we refer the readers to, for example, [13] for details, while we focus on the quantitative estimates on the sizes
and the Lipschitz constant in §. Moreover, the term €2 in the estimates of 0,6 and the Lipschitz constant of
C* in § can be easily improved to be €2 SUP 4 p¢[4s,00) COSHT™ (5\fwx), * = s,u. Alternatively, one may also
work on the rescaled variables as in and obtain equivalent estimates.

Proof of Proposition[9.1} The proof follows the standard Lyapunov-Perron method which we shall only out-
line for the unstable case. Given parameters s and 0, we see solutions to (1.10]) (or equivalently (9.1))) in the
form of
w(z,7) = up (s + 2,7+ 0)+ U(z,7), <0,
which decay to 0 as x — —oo. The equation satisfied by U takes the form
(9.7) LU = Fi(U)
where
LU = Z ((35 — Z/TQL)Un)ei"T7 Fir(s,0,U) = g(uw, + U) — g(uy,), for U(z,T) Z Uy (z)e™.
nez neL

Here we used the fact uJ, is an exact solution. The decay property of u(x,7) as  — 400 is built into the
Banach space which U belongs to

2
P ={U€C’((—00,0),41) | |U|lp := sggeiBV’“‘”HU(x)Hgl < oo}

To set up the Lyapunov-Perron integral equation, define the linear transformation

(Gr(h))(z,7) = Z (Grn(hy)) (x)e™, where h(z,T) Z By (2)e™™, <0,

neZ neZ
with

1 ® / 1 z /
(G () (@) = ——e* / e B! — 5 e / et b (2)da!, | <k — 1,
0 n

2up, oo
1 x
(Grn(hn) () = —/ sinh (v, (z — &) hy (2)d2’, |n| > k,

Vn J_o
which serves as an inverse of L. Here we note that for |n| > k, v, = id, and 9, > k~% and thus
sinh (v, (z — 2')) = isin (J,(z — 2’)). We also define

E0,x )= Y (—4) Gaem T
In|<k—1
The desired solution U satisfies the fixed point equation
U = F(5,0,8,U) :=Z(6) + Gr (Fi(s,6,U)).

Using (9.2)), (9.3), and , it is straight forward to verify

-~ 1 100
1Blp < 518, IGe(llp < —

Rll, 1 F(s,0,U) = Fil(s.0,0) | < M( +Ul1% + IUII»p) 1T =Ullp.
k—1

Therefore there exists p; > 0 independent of € and k > 1, such that, for |0]; < \/1%, F is a contraction on

the ball of radius 2\? in P. Let U%(s,0,8,x,7) be the unique fixed point of F,

C?(Sa 0; 5) = Uu(57 97 57 Ov ) - E((Sa 07 ')7 C;(S, 9, 5) = 8qu(Sa 07 57 07 ) - axé(éa Oa ')7

and £ accordingly. The desired estimates on (* follow from straight forward calculations. The invariance of
WH(0) = image(£®) is a direct consequence of the uniqueness of the decaying solutions in P, which implies
that solutions on W*(0) are parametrized by 6(z) and take the following two forms

U(l‘, ) :uzka(s +z, + 0) + UU(S,G,CS(O),x, )
=i (s+,0,6(x)) = upy (s +x,-+0) + U"(s + x,0,6(x),0,-).
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Hence
U“(s +x,0,0(x),0, ) = U“(s,&,é((}),x, )
which in turn yields, for |n| <k —1,

6n(2) = i(IL, [U"] + vy, "1, [0,U"]) |( )= i(IL, [U"] + vy, 'L, [0,U"]) \(

s+x,0,6(x),0 s,@,é(()),a:) '

Therefore, differentiating this identity and using ,
020,(2) = V6, () + iv, 'L, [Fir(U™))]

(5,0,5(0),a:) '
Letting z = 0, we obtain the estimate on 0,0 straightforwardly and complete the proof of the proposition. [

9.2. Single-bump homoclinic solutions. In this subsection, we shall complete the proof of the Statement
(3b) of Theorem Assume that the nonlinearity f(u) satisfies that the corresponding Stokes constant

(9.8) Cin #0.

Fix o € (0,1). We shall prove that there exist p2,£9 > 0 depending only on f(u) and o such that, for any
k> 1, w € Ii(gp), and u(z,t) which is a nonzero 2Z-periodic-in-t solution to the nonlinear Klein-Gordon
equation (1.2]) such that it decays to zero in the energy norm in ¢ as |x| — oo (namely satisfying (1.5))) and
satisfies

09) sup VE[u(x) o, < po.
xre

then w(z,t) must be multi-bump in the sense of Definition In fact, since it decays to 0 as |z| — oo, we
only need to find

(9.10) To < w3 < x4, 8.t |Julzs, )]y < amin{”u(xg, Mey, [July, -)Hel}.
Let yo > y1 > 0 satisfy

) =0, v"(yo) = 5.

which are independent of k and e. Let &g, p1 be determined by yo according to Proposition 0.1 We can
actually choose €9 and p; even smaller such that that gy also satisfies Theorem and

(9.11) IC3 (5,0, 8) = CE (5,0, 0)ley + VEIC3(5,0,6) — ¢5(5,60,0)[le, < §16 =],
and on W (0),
(9.12) Z |0205 F vndn| < ﬁwl, *=u,s.

In|<k—1

Recall u%, (x,-) has Fourier modes supported only in kZ and =* supported in |n| < k — 1. We have
(9.13) 167 (5,0, 0)lle, > 31011 = 116 (5,0, 0)lle, > 751611

Let W*(0), x = u,s, be the (semilocal) unstable and stable manifolds parametrized by £*(s,6,4) with
parameter bounds yg and % through ¢*(s, 8, d) provided by Proposition ﬂ Let

ps = épl, W (0) = {g*(s,e,a) 0e 2, ds e [~ too] , ol < ?j’g} N
which is a subset containing 0 in its interior, and

zy =sup {x | (u(@’,-),0pu(x’,)) € W(0), Va' € (—o0,z]}

zs =inf {z | (u(a’,"),0u(a’,")) € Wz (0), Va' € [z, 00) }.

As the orbit of u(x, -) is assumed to be homoclinic to 0 in x, while the dynamics inside ﬁ//(j (0) is either purely
growing or decaying, clearly both z, # +o00, x = u,s. Let
w, = (u(zy, ), Opu(z,, ")) € W0), *=s,u,

and we have

F04, Oy Sxy 8. b |0i]1 < 2—%, +s, € [—E\%w,—i—oo], Wy = (4,04, 0,).

We proceed in the following steps.
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Claim A. It holds s, = £—¥— % = u, s. In fact, assume it is false with, say s, € [— 0, Eyﬁ% then the

E\/E(JJ
definition of x,, yields |§,|1 = %. Hence we obtain from ((9.13))

||U($u,-)||gl = ngf(suaeua(su)”& > 67\%}2%’

a contradiction to (9.9).
gE

Claim B. It holds |0,]1 < 9%, * = s,u. Again if we assume it is false with, say [6,|1 > N From

Proposition 9.1, we can write, for x > x,,,
u(z,) =& (su + ¢ — 2, 04,6"(2)), aslongas (u(z,-),0u(z,-)) € Wi(0),
where §(z,,) = 0,. According to (9.12)),

[6(@)1 > |6ulie 2V > e 2VE

Therefore, by taking €y and p; reasonably small depending only on o,

Jz e [qu,xu—f—Q\/Elog%] - [xu,xu—i— Z“fk’":j], s. t. [6(2)|1 = %.

The same argument as in the proof of Claim A. implies that ||u(Z, )¢, > % and thus a contradiction.

Lemma 9.3. It holds x5 > x, (See Figure .

Proof. We prove it by contradiction. Assume it is false, namely z, > xs. In this case w, € Wj (0) and thus

3(5,0,0) s t. w, =£°(5,6,0), § € [~ 24—, 00], |01 < 37’%

Combining it with the coordinates of w, € W(0), we have

Wy, Z(u:ka(su, “+ 0u), Optigy (Su, - + eu)) + Z (_%) (%emT(ly Vn) + C*(Sus Ous Ou)
n|<k—1
:(ujvk(ga iy é)? afruivk(gv -+ é)) + Z (_%) SnemT(L _Vn) + Cs(ga é» 5)
[n|<k—1

Since ul,, * = u, s, do not contain modes with |n| < k, applying II,, and using Proposition we obtain

0 = i(IL[¢F (3,6, 0)] + v, 'IL[G3(5,0,0)]) and 8y = §(ILa[Ci (s, 0us 8u)] — v, L[5 (0, B 0u)]),
for any |n| <k — 1. It follows from [©:3), and the fact that (*(s,8,0) = 0 (see Proposition [9.1]), that
0w = 6 = 0 and thus
Wy = (uqvf,k(sm "+ Ou), Onug(Sus - + 9u)> = (us\zk(@ -t é), Doui (S, - + é))>
which implies
w(z, T) = Uiy (2 — Ty + Suy T+ 0y) = uip (v — 20 + 8,7+ 0).
Due the approximation , uly(z, 7+ 0) is odd in 7 if and only if # = 0 or 7, but with opposite signs

when 6 takes these two values. Hence 0, = 6 and we can assume them to be zero due to the translation
invariance in 7 of (1.10)). Taking z = z,, — s, we obtain

111 [O0pu (8 — Su, +)] = 1 [0pug (0,)] =0, sy = Ey}w, se|- E\%w,oo].
Due to and Theorem this is possible only if s,, = § and thus
W(x, T) = Uy (T — Ty + Suy T) = Ui (T — Ty + Sy, 7).
However this is impossible as Cj, # 0 is assumed (see (9.8)). O

To end the proof that u(x, ) satisfies and thus multi-bump, let
XTo =Ty — Sy, X3 = Ty > To, Xg=Ts— 8> Tg > Ty = T3.
We have
w(z2,) = &'(0,0u,0"(22)),  ul@s,) =& (50,0, 0u),  ulwa,) = &7 (0,05,0%(z4)),
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A llule,

_

>

Ty, Ts T

FIGURE 13. By Lemma z, is below zs. We notice that, for some x < z,, (resp. > z,), W, (0) (resp. WS (0))
has left the o-neighborhood of the origin and returned to it at * = z,, (resp. = = z5).

where the coordinates 0*(z), x = u, s, satisfies (9.12)) and 0*(z4) = d,. Clearly (9.12) and Claim B imply

0% (z2)|1 < [ulr < g7 10°(za)l <101 < 377

From these estimates, Claim A, the definition of y;, , we have

(@2, Mers llul@a, Mo = 2, llul@s, e, < 2,
and (9.10) follows immediately.

APPENDIX A. PROOF OF PROPOSITION [£.3]

Stated otherwise, M denotes any constant independent of x and . The proof of items (1) and (2) are
straightforward using that (3.1]) acts on the Fourier coefficients of £&. To prove item (3), we consider h € &, o
and we estimate Gy (hy) and G, (hy,) (see (4.2) and (4.3)). For G,,, using Lemma 5.5 in [3I], one can see that

Me?
(A.1) 1Gn (M) [lm,a < )\THhHm,a, n>2.

Now we estimate G; given by

Gi(h)(y) =~ () / " Ca(s)h(s)ds + Galy) / " Gu(s)h(s)ds.

First, we bound G (h)(y) for values of y in D""* N {Re(y) < —1}. Notice that the functions ¢i(y),(2(y)
given in (4.4)) satisfy
M

(A.2) IC1(y)] < Teosh()] and  [G2(y)| < M|cosh(y)l,

for every
y € D" N {y e C; |Im(y)| < —K Re(y)} where K= (tan(ﬂ) + g — ne) )

The second integral in G; satisfies that, for every y € D" N {Re(y) < —1},

Y 0 1 Al
shsdnghma/ ds < M—Mima
‘/Oo G(s)h(s) [Alim, oo | cOSh™ T (s + y)| | cosh™ ! ()]
Therefore
y M||h|lm.a
A. h(s)ds| < —ltima
(4.3) CQ(y)/m G()Als) S‘ = | cosh™(y)]

Now, to estimate the first integral in Gy, let y¥* be the unique point in the segment of line between 0 and y
such that Re(y*) = —1. Hence, it follows from ({A.2)) that,

(1) If s is in the line between 0 and y*, then

M||Allm.qf cosh(s)|
|<2(S)h(8)‘ < |82 +7T2/4|O‘

< M||hllm,a-



SMALL BREATHERS OF NONLINEAR KLEIN-GORDON EQUATIONS 63

(2) If s is in the line between y* and y, then
Mbll e
| cosh™ 1 (s)]

Thus since m > 1, using the previous estimates, we have that

[ comea < | [ ame] +| [ ans

hma
o) [ ot < M1

- |cosh( )
Now, from (4.2), (A.3) and (A.4]), we obtain that

(A.5) sup lcosh(y)G1(R)(y)] < M||hlm.a-
yeDR*N{Re(y)<—1}

[Ca(8)h(s)] <

< Ml|Allm,a

and consequently

(A4)

For the region Do""* N {Re(y) > —1}, we consider a new set of fundamental solutions {¢;,(_} of £1(¢) =0
which has good properties at +ir/2. We rewrite the solutions (1 (y) and {2(y) as linear combinations of {1 (y)
and (_(y) and use them to obtain a new expression of the operator G;. We emphasize that the operator G;
is already defined. We only express it in a different way.

Lemma A.1. The functions

C+(y) = Q(y) /iy %ds - _\{fcoshlz(y) <3y sinh(y)

are solutions of equation L£1({) =0 and have the following properties.

— cosh(y) + i sinh(y) sinh(2y) F Z?ZTW sinh(y))

o The Wronksian satisfies
3m
W(Cs,Co) = (4l —( Gy = piTE
and therefore (+ are linearly independent.
e They can be written as

(yF Z'7"'/2)3
A.
(A.6) C+(y) (y £ in/2)? n+(y),
where Ny are analytic functions in D" N {Re(y) > —1} uniformly bounded (with respect to e and

K).

e The operator Gy given by (4.2) can be rewritten as

Gi(h) = 16(@ /< $)ds +¢_( /<+ )+c2 /g

where (1,2 are given in .

The proof of this lemma is a straightforward computation using the relation between (4 and (3, (5.
Using this lemma, we bound G;(h) for y € D" satisfying Re(y) > —1. First, notice that we can use

(A.2) to see that
0 —1 1 0 1
s)h(s)ds M||h||m.a 7ds+/ ds)
‘[WC1( ) ( ) || H ) (/—oo |COShm+1(8)‘ . |COSh(S)($2+ﬂ'2/4)O‘|
M{[R|[m,a-

From the expression of (2(y) in (4.4), we have that {2(y) has poles of order 2 at +im/2 + i2knw. Since
a > 9,

IN

IN

sup
yeDY " N{Re(y)>—1}

0
(v* + 7T2/4)a_252(y)/_ Cu(s)h(s)ds| < Mhllm,a-
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Now, we use that o > 5 and equation (A.6) to see that

v jy—in /2 (7 |s +in /2P
_(s)h(s)d M h(s)|d
§+(y)\/0 C (S) (5) S = y+Z7T/22/ |S—Z7T/2|2| (S)| s
23 1
< Mo T2 / s
"y + i /22 |s +im/2|2=3|s — im/2|+2
M|[Alm,a
R
We conclude that
y
sup 07 + 72/ 2 w) [ (Ohle)ds| < MiJblne

yeDR" " N{Re(y)>—1} 0

In a similar way, we can prove that

sup (5 + 7% /4)% / Co()h()ds| < Mo
yeD"“N{Re(y)>—1}

Therefore

(A7) sup |(y? +7°/0)*72G1(h) (y)| < M| hllm.a-
yeD  “N{Re(y)>—1}

Hence, using (4.1)), (A.1)), (A.5) and , one obtains Item 3 of Proposition

To prove the estimates on 9,G(h) and 92G(h) it is sufficient to use (A.1)) and
M, [62G(h)] = —n*TL,[G(h)].
Finally, for item (5), notice that
1 2 Y i An 1 Yoow
0y o Gn(h) = iez%y/ e*ﬁ?sh(s)ds + ie’l%y/ ez%sh(s)ds, n>2,

and thus, one can easily obtain

Me
10y © Gn(h)m,a < T”h”m,m n > 2.

The decay of 9, o G, (h) for n > 2 also implies that
8, © Gu(h) = G(9,h)
and thus we also have
Me?
10y 0 G W)l < S 1yl > 2.

For the first mode, since

0, 0 Gu(h) =iz (~¢) [ ¢ (oMmis)ds + ¢ /<+ S)ds ) + G /@
=—(iy /@ s)ds + G4y /C1 (s)ds

one has [|0y 0 G1(h)|l1,a—1 < M||h]|m,a-

APPENDIX B. PrOOF OF ProOPOSITION [3.11]
From ({3.17) and Proposition we have that, for each k& > 1,

Toktr = Aorg1Bons1 +ielopi
2
2k2+1 A2k+1 + Iog41 [773 (y, T)A]>

(B.1) = Aokt1Z2k41 +ie (—

A .
= — 21;+1F2k+1 + dellapt1 [n3(y, 7)A].
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Analogously, for each k > 1,

Oopt1 — ielopr1 [n3(y, 7)A].

: A
(B.2) Ogpyr = i 2L

Moreover, for the variable Z1, by (3.1)) and Proposition we have that

= = (1 — 3(v4h)2> Ay 411 [nl(y,T)Al sin(7) + 772(y7T)ﬁ[A]i| }

3(vM)?
Using (3.15) for A; and (1 ) )@h = %" we obtain

4
s _ %:El N <1 B 3(vh)2> (A(E) +B(ﬁ[A]))

+10 [in(m) (51-+ A + BUAD ) sintr) + el A

L) s +m oo (5
+(1- 245 (i) + paia))

+ T | (y, 7) (AT[E]) + B[A])) sin + sy, 7)T[A]|
Finally, using ,

. “ech 3 h\2 < h
El = %El + (]_ _ (’U ) ) A(\—*l sin 7') —+ H1 |:’I’]1(y, ) (2}751 + A(El sin T)) SinT:|

1 Fokt1 + O2py1 .
> (2 r-e)+B (;1 T o sin((2k + 1)7’)))

> sin(7) +m(y,7)B (Z Lot ¥ Onkis sin((2k + 1)7)) sin T
+n2(y, ) (Z Dok + Okt sin((2k + 1)7))
n>2

1+ A5 sin(r))) sin T:l

+H1 |:771 Yy, T
= 2X2k41
2Xok41

For the other components, as

iell [ns(y, 7)A] = iell _773 (y,7)

VEEL+ A sin(r >>) sinm:

+iell [ng(y_;T)A(l" — O)sin(1) + n3(y, 7)B (Z Dokss + Osirt sin((2k + 1)7)) sin(7)

2
= A2k+1

r +0 .
+n3(y, 7) Z W sin((2k + 1)7)
=1 2k+1

65
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the proof is concluded by using (B.1)) and (B.2]) and taking

_ 3(vh)? . oh . _
my(y)E1 = [ 1-— 1 AErsinT) + Iy |m(y, 7) i}—hzl—i—A(:lsmT) sin 7

h\2
My (T,0) = <1 _ 30 > L,A(r -0)+B|)> :Msin((% +1)7)
4 2ie = 2X2k41

nl(yaT) o .
+1I; ST AT — ©)sin(7) +m(y, 7)B ];

Popt1 + Oopp1

sin((2k + 1)7) | sint
2X2k41 (( 7)

Dops1 + Oonga .
1y 7) | D sin((2k + 1))
k>1 2k+1

“h
— e v L _ . .
Mose(y, T)Z1 =iell |:7’]3(y,7') (i}hzl + A(Z; sin 7')) sin T}

Iak41 + O2kq1

~ 1
Mose(', 0) =iell |s(y,7) | AT = @)sinT+ B | ) —=5

k>1

sin((2k + 1)7) | sinT

T
n Z ok+1 + O2541 sin((2k+ 1)7) | |
k>1 2A2k+1

and using the bounds for the functions 7;, j = 1,2,3 and the operators A and B provided in Propositions
and .10

APPENDIX C. GENERIC NON-VANISHING OF THE STOKES CONSTANT

In Theorem we have seen that the invariant manifolds W*(0) and W*#(0) split provided Cj, # 0. In
fact, we have seen that the distance between them at the first time they intersect the transversal section %
depends on the so-called Stokes constant Cj,.

The Stokes constant Cj, depends analytically on the function f introduced in (see . This
appendix is devoted to show that Cj, generically does not vanish, i.e. there exists an open dense set R of
the space of analytic (odd) germs of functions at 0, such that Cy, = Ci(f) # 0, for every f € R.

Consider the following family of partial differential equations depending on a parameter p € R

(C.1) O*u — 02u + \% sin(v2u) + pA(u) = 0,
where

1 1
(C.2) Au) = 7 sin(v2u) 4+ u — gug — f(u),

and f is a real-analytic odd function such that f(u) = O(u®) for |u| < 1. The corresponding Stokes constant

Cin(p) is analytic in p (Lemma [3.5]).
Notice that, if 4 = 0, then (C.1) becomes the sine-Gordon equation. On the other hand, if u = 1, then
(C.1)) is the Klein-Gordon equation considered in (1.2). Moreover, (C.1]) can be rewritten as

O~ OPu+u— <u® — gl ) =0,
where
gl 1) = — (<1 ) (%m(ﬂw Cut ;u) - uf(U)>

is an odd real-analytic function and g(u; u) = O(u®) with a linear dependence on the parameter .
Now, considering the scalings employed in this paper

u(z,t) = ev(ex,wt), e=+v1-—w? w <1,
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where we take k = 1 in ([1.13) and the above ¢ corresponds to the ew in ((1.13]), we have that u(z,t) satisfies
(C.1)) if, and only if, v(y, 7) satisfies

UJ2

2

0 — 8511 + sin(v/2ev) + E%A(gv) =0,

1
e3y/2
or equivalently

Z—j@fv - 8511 + Eizv - %vg - Eigg(svg w) = 0.
Therefore, all the results in Section (3| also hold for . Furthermore, all the solutions of obtained
in such results depend analytically on the parameter pu.

C.1. A perturbative approach in p. In this section, we obtain information on the Stokes constant
Cin = Cin(f; p) associated to based on a perturbative in p analysis which corresponds to applying the
classical Melnikov Theory to the inner equation (corresponding to )

Consider the inner variable and the inner scaling , the equation writes as

w02 — 029 + % sin(v2¢) + pA(¢) = 0.

Taking the singular limit € = 0, we obtain the inner equation associated to ((C.1))
1.
(C.3) 070 — 0200 + NG sin(v2¢0) + 1A (¢o) = 0.

From Theorem E equation (C.3) admits two one-parameter family of solutions ¢p* : D;)’:‘ x T — C,
* = u, s, where the parameter p belongs to some compact interval K C C containing the origin. In addition
¢¥* (2,75 1) = ¢0* (2, 7) is analytic in the variables z and p. Also,

lim ¢**(z,7;u) =0, VT €T, Vu € K.

|z| =00

For p = 0, the inner equation (C.3]) admits a breather solution

(C.4) (2, 7) = % arctan (—iSiz(T)) .

Now, p as a perturbative parameter in (C.3)), we shall obtain an asymptotic formula for the Stokes constant
Cin(w) through a Melnikov analysis. In order to do this, write

(C.5) ¢ (2,73 1) = Gy(2,7) + ™ (2,7) + PR (2,75 ),

where R*(z,7; ) is analytic in the variables z and p. A simple computation shows that ¢* satisfies the
linear equation

(C.6) Op* — 029" + cos(V2¢0)u™ — A(}) = 0.
Lemma C.1. The homogeneous linear partial differential equation
(C.7) 926 — 92¢ + cos(V2o0)E = 0

has a family of solutions given by
2
(08) g;::(ZvT) = /1,72 (X?:L(Z’ T) - an(za T)) 5

where n € N, n > 2, p, = v/n? — 1 and, for each | € Z, Xli is the function given by

. 92 -
Xi(z,7) = eFimetilr (1 _ s (T)>

22

(C.9)

y {im _ Lcos(r)sin(r) i

(1% 4 1) sin®(7)
22z 2 22 4 ’

2
it 4 22
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The proof of this lemma is a direct consequence of Lemma 4 of [I§]. See also below for the original
formulas in [I8]. In fact these linear solutions along with 9.¢9 and additional one for n = 1 form a basis of
all the solutions of the linear equation (C.7).

From Theorem [3:3] we have that

(C.10) @M (2,7 1) — ¢ (2,73 1) = €77 (Cha () sin(37) + x (2,75 1))

for each z € Ri;l’j = ng’;n N D;;ﬂ N{z; z € iR and Im(z) < 0}, where Cj, in an analytic function in the

variable p, and x,(z,7) = x(z,7; 1) is an analytic function in the variables z and p such that

M,

2|

Proposition C.2. The function Ci, in satisfies
1

[e%s) 27
(C.11) C!.(0) = omi /_ /o A(P)(z + 5,7)&F (2 + s, 7)dTds,

M2 in
IXuller (2), 10 Xpllen (2) < and [|0:xulle, (2) < PEk vz € Ry

which is independent of z € jo;:‘, where £ is given in .

Proof. Consider 5;' given in . Since " satisfies , and multiplying it by f;' , we obtain
(C.12) &f (020" - 920" + cos(V2aR)u ) = & A9Y).

Let z € Dg”;n. Integrating by parts and using that & satisfies and

& (2, 7) = €37 (sin(37) + Op, (7)), as [2] = oo,

we obtain
0 21 21

(C.13) / / A + 2.7)ES (s + 2 7)drds = / (0% (2, 1)0LEF (2 7) — D" (2, T)EF (2, 7)] dr
—00 JO 0

Analogously, if z € DZ’LH, we obtain

0 27 2m
©10) [ [T A+ e (s mmdrds = [ [0 0 (o) - 007 (o) (2] dr
+o00 /0 0
Recall that, if 4 = 0, then Cj,(0) = 0 and x(z,7;0) = 0, since ¢*%(2,7;0) = ¢**(z,7;0). Now, using (C.5)
and (C.10)), expanding Cj, and x around g = 0 and taking u — 0, it follows that
(C.15) PU(,T) — P (5, 7) = €797 (O (0) sin(37) + Bx (2,75 0))
Hence, using (C.13)), (C.14) and (C.15)), a straightforward computation shows that, for each z € Rgf:‘,

“+o0 27 27T
/ A5 + 2L (s + 2, 7)drds = / (W — ) (2, 7)0:ES (2, 7)dr
—co JO 0

27

— [ 00" =)z, T (2, m)dr

0
= 2mipsCl(0) 4+ R(z,7),

(C.16)

where R(z,7) = Oy, (271). Since the left-hand side of (C.16)) does not depend on z, it follows that R = 0,
and thus (C.11)) holds. O

In order to analyze the integral
“+o00 27
Ra(@)= [ [ A@Ys 2 5+ 2 m)drds,
—0o0 0

we shall discuss some results obtained by Denzler in [18] and relate them with our problem. First, we notice
that (C.1)) has a family of breathers given by

4 i t
up(x, t;m,w) = — arctan TM , m? 4+ w?=1.
V2 w cosh(mz)
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In Lemma 4 of [I§], the author has proved that, for every [ € Z and \; = vI?w? — 1,

2 .. 2 —1
£D . _tinatilwt m?” sin” (wt) )
T, tymw) = e 1+ —
il ) ( w? cosh? (maz)

Al I cos(wt) sin(wt)
(C.17) . {i2m tanh(ma) + 2 cosh?(mz)

, ( Al )2 1 P+1 sin®(wt)
—i|{ (=) —=—1
2m 4 4 cosh®(mz)
is a solution of the homogeneous linear equation

D2 — 0%¢ + cos(V2uy(x, t;m,w))E = 0.

In the remaining paper [18], Denzler has analyzed the equations

(C.18) Rli’D /+OO/ VAW 2uy(, t;m, w))dtdz = 0, 1 € Z.

It is worth to mention that, since A is odd, it follows that Ri b_ Ri P for every | € Z (see [18]).
A simple computation shows that the function Xl given by (C.9| satlsﬁes that

+ 2,435 in T .
(C.19) x; (z,7) = hr%s % X (25 + 2, \/17—752’6’ 1- 82) .
Moreover, the solution ¢) given by (C.4) satisfies that

0 — 1i ZLT T _ g2
(C.20) qﬁb(z,T)g%ub(%Jrz,m,s,vl 5).

Considering the function
(C.21) Alu) = Alu/V?2),
where A is given by (C.2]), and the change of variables

= Z—W +z+s, t= S
T 92 L Vv1-— 52’
in (C.18)), it follows from (C.19)) and (C.20) that, for every [ € Z,
“+oco 27 N _
0 + i 22,5+, D €
[m /o A(py(s+2,7))x) (s + z,7)drds = ;1_1)1(1)5 e2 R, <A, m) .
Observe x*,(z,7) = xi (2, —7). Hence, using (C.§) and that A is odd, we obtain

4e2e7 +.D €
€2 oo =ty i (3.7 5).

Combining (C.22)) and Lemmas 5 and 6 of [I8], we obtain the following result which ensures the splitting of
the invariant manifolds W*(0) and W*(0) of (C.1)) for a generic choice of A.

Proposition C.3. Let (A,)72; be the sequence given by the Taylor expansion of the analytic function

o(z) = A(Q\/firc;an(Z)) _ iAP’zp’ V2| < p< 1,
-1
and define Ag = A_1 =0, then ’
(C.23) C1(0) = i4v/2rS(A), where S(A f% q,g - i); Agiag 0,
o
where A, = Byyo — By, By = p(Ty —Tp_s), and T, = (—1)lP/2 A :
(p+1)?

Clearly C (0) # 0 provided S(A) # 0.
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Proof. From [18] (see Lemma 5), we have that R4"" given by (C.18) is written as

~ 2 2 ~ ~
5 (8.2) - (2 5 ()85 (32).
w w/ 2miw? w w
where A is given by (C.21)), F3 is a non-vanishing function given by
m 2(m=2-1)
By (1) - 20
cosh(mAs/(2m))

w

and ﬁg’D(Z, z) is a function which can be continued to an analytic function for |z| < p and such that

Ry (A’ %) - io (%)% (322(1) [(2+29)7" ql:[l [r(3—|—7“) - 152}

9w? — 1 9w?
X {A3+2q <5w2 —1- 3+2q ) +A1+2q <5w2 + 3+2q)}

From Lemma 6 in [I8], we have that the function ﬁ;’D given by (C.24) can be expressed in terms of A, as

(C.24)

[ee] qg 4
S0 (R MY _ Aspoq (1 2
R (A, w) —C’qz:%q!(3+q)! ( w2> TI;IO 2+ 7r(3+r)m?],
where C' = 16w?.
A simple computation shows that
4e2e 8" €
(€2 m S () -2
and
. S+,D ~ 19 o
(C.26) gl_l;r(l) R <A, m) = 325(4),
where S(A) is given by (C.23)). Therefore, the result follows from (C.11)), (C.22)), (C.25) and (C.26]). O
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