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Summary

« Nearly-integrable Hamiltonian systems, Kronecker tori
« The "classical" KAM theorem (in finite differentiability class)

- KAM theorem for perturbations of Isochronous Hamiltonian
systems

- Functional setting, Nash-Moser theorem

« Proof of the Nash-Moser theorem:
- Check of assumptions (P1)-(P2)-(P3)

. Approximate right inverse of the linearized operator
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Nearly integrable Hamiltonian systems

Let us consider a Hamiltonian H: T™ x Bgn (0, R) — R of class C* (with k large) and
of the form

H(E;(97I)=H0(I)+EH1(9,I)7 feT", IEBR'IL(QR)

with the symplectic form 2 := dI A d#.
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Nearly integrable Hamiltonian systems

Let us consider a Hamiltonian H: T™ x Bgn (0, R) — R of class C* (with k large) and
of the form

H(E;(97I)=H0(I)+EH1(9,I)7 feT", IEBR'IL(QR)

with the symplectic form 2 := dI A d#.

Unperturbed dynamics € = 0

0 = orHo(I) =: wo(I),

(0,1) = X1y (6, 1) = JVHo(0, 1) {j = —d9Ho(I) = 0.

The phase space is foliated by invariant tori

T" x Ben(0,R):= | ) Te,  Te:={(0,1): =& =T" x {¢}

£eBgn (0,R)

which support orbits winding around the torus

0(t) = wo (&)t +0(0), I(t)

Il
o

Filippo Giuliani (Universidad polite KAM theorem February 22, 2020 3/ 30



Kronecker tori

Linear flow on T" with frequency w

Ui(o)=wt+¢, @eT", weR™

A torus supporting such motion is called a Kronecker torus.

Dynamics on a Kronecker torus
If w is non-resonant (or irrational), namely
w-L#0 Ve e Z"\{0},

the orbit {wt}ser fills densely the torus.

If w is resonant the closure of the orbit is diffeomorphic to a lower-dimensional
torus.
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Embedded tori

General definition of a Kronecker torus

We say that 7 =~ T", which is invariant by the flow ®%; of a Hamiltonian H, is a
Kronecker torus with frequency w if its dynamics is conjugated with the linear flow
Ul (¢) = wt + p on T™

More precisely, there exists a smooth embedding i: T" — T" x R",

w = i(p) = (6(¥),I(¢)) such that T = ¢(T") and

oWl = Y 0. (1)

The curves t — i(wt + @), p € T are said quasi-periodic solutions of Xp.
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Embedded tori

General definition of a Kronecker torus

We say that 7 =~ T", which is invariant by the flow ®%; of a Hamiltonian H, is a
Kronecker torus with frequency w if its dynamics is conjugated with the linear flow
Ul (¢) = wt + p on T™

More precisely, there exists a smooth embedding i: T" — T" x R",

w = i(p) = (6(¥),I(¢)) such that T = ¢(T") and

oWl = Y 0. (1)

The curves t — i(wt + @), p € T are said quasi-periodic solutions of Xp.

Example: 7T¢ are Kronecker tori

775 = Z(Tn)ﬂ 7’(90) = (907 5)5 w = w0(£)7
Dl (i(9) = Py (9, 6) = (wo(€)t + ¢, €) = i(wo (&)t + @) = (Vi) (#))

Moreover 7¢ is Lagrangian, namely ¢4} vanishes on it (and it has the maximal
dimension n).
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KAM theory

When ¢ > 0, what happens to the tori 7¢ and their quasi-periodic motions?
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KAM theory

‘When ¢ > 0, what happens to the tori 7 and their quasi-periodic motions?

Example: Isochronous system

H(I)=1L ++V2L +e¢l

When € = 0 we have only 2-dimensional tori supporting quasi-periodic motions with
frequency vector (1,4/2).
If € # 0, v/2 4+ € € Q then the solutions are all periodic.
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KAM theory

‘When ¢ > 0, what happens to the tori 7 and their quasi-periodic motions?

Example: Isochronous system

H(I)=1L ++V2L +e¢l

When € = 0 we have only 2-dimensional tori supporting quasi-periodic motions with
frequency vector (1,4/2).
If € # 0, v/2 4+ € € Q then the solutions are all periodic.

Frequency map : I +— wo(I).

Non-degeneracy condition

We say that the frequency map is non-degenerate if
det drwg # 0.

Then this map is a local diffeomorphism, and the frequencies are modulated by the
actions I.
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Diophantine vectors

Small divisors problem

f@) = X Jed, w0,f(0) = al0). fo= T 140

Lezm

w resonant = w - £ =0,
w irrational = w - £ may accumulate to zero.

Filippo Giuliani (Univer P KAM theorem February 22, 2020 7 / 30



Diophantine vectors

Small divisors problem

f@) = X Jed, w0,f(0) = al0). fo= T 140

Lezm

w resonant = w - £ =0,
w irrational = w - £ may accumulate to zero.

Diophantine vectors

We require the frequencies to be strongly irrational. Let v € (0,1),7 >0

DC(y,7) = {w eER": w0 > ﬁ Ve z”\{o}}.

Let 7 >n —1 and K < R" compact. Then |K\DC(vy,7)| < 7.
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KAM theorem

KAM theorem in finite differentiability class

Let n>1,v€ (0,1), 7 > n — 1. Assume that H = Ho + €H; is of class
CF(T™ x Brn (0, R); R) for some k = k(n) large enough and the map

£ — wo(§) := drHo(£)
is a local diffeomorphism. If \/y™' « 1 then for each £ € Br= (0, R) such that
wo(§) € DC(y,7)

the Kronecker torus 7¢ persists, slightly deformed, and it supports quasi-periodic
solutions for X g with same frequency wo(§).

Positive measure set

If 7 > n — 1 then the set of KAM tori has positive Lebesgue measure.
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The KAM theorem for isochronous systems

Replacing 1/ by € we are led to the £-parameter family of isochronous Hamiltonian
systems

H(£7E;H7y) = wO(g) Y + 8P(£75§07y)'

Thanks to the twist condition we can consider o = wo (&) as a parameter instead of
the unperturbed actions &, hence

Havf(eay) = H(Oé,&,@,y) =a-y +€P(a7€;67y)'

When € = 0, {y = 0} is an invariant Kronecker torus with frequency a.

KAM theorem for perturbations of isochronous systems

If ey7! « 1 then for any w € DC(y, 7) there exists a a = agp(w,e) = w + O(¢) such
that there exists a Kronecker torus with frequency w close to {y = 0} which is
invariant for Xg(ay (w,e),e;)-
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Functional setting

We look for an embedding i: T" — T™ x R", ¢ — i(p) := (0(p), y(¢)) such that
oWl = @fqa,s o 1.

Differentiating in ¢ and using that {wt} is dense on T™ we obtain the following
functional equation
W dpi— X, (i) = 0.

Technical trick: we introduce the counter term ¢ € R™ considering the Hamiltonian
Haec(0,y) = Hae(0,y) +C- 0.
Given w € DC(~, 1), we will solve the equation
Fu(ga,6ip) = w - 0pi(p) = X, . (i(0)) = 0
in the unknowns («, ¢,¢). We know that
Fo(e =0;w,0,(p,0)) =0

and we define J(¢) = i(¢) — (p,0).
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The counter-term

Given an embedding i(p), we call Z(¢) = (Z1(p), Z2(p)): T" —» T" x R"

Z(p) = Fules o, (ilp) = w - 0pi(p) — X, . (i)

the error function. It measures how much () is a good approximate solution of
Fo =0.

1

C= e j (- Py Z1(0) + (DO Z()) de

Hence if i(¢) is a solution of Ha ¢ then i(p) is a solution of Hae (¢ =0).
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proof: Let ¢ € T". We denote by iy () := (04 (), yu () := (0(¢ + 1), y(¢ + ¥)).
Since the system is autonomous the following Hamiltonian action functional is

constant

200)i= [ (0o) - (- 000(9) ~ HlaCoiule)) do

Differentiating at ¢ = 0 and integrating by parts we get, for all n € R™,
0= dZO)fn] = - | 9w+ 0pi = X, (). Dile)ln]) de

_ ,L Q(Z(p) = (0,¢), Di(@)[n]) dy

Ln Q((0,¢), Di(p)[n]) dp =2 Ln ¢ DO(g)[n] dp

- | ¢ndorc- [ DO = 2m)C o

T

Then for all n e R"

1

¢ = Gy |, AZ(e). Dile) e
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A Nash-Moser Theorem

‘We consider
Fo: (0,1) xY* > Z°  (e,U) — Fule,U), U:=(a,(,1),
Y*:=R" xR x H*(T"; T" xR"), [[U][s := |e|zn + [C[rn + [|4]]s,
lills := lli(@) |z (rniTn xrny = 10(0) || 72 (rnimn) + (1Y) 7= (7730
Z% = H N T™T" xR™), |- |s := ||-[|s—1.

Let so > n/2, e > 0. Define B := B, 5, := {(a,(,%) € Y0 : ||T]|s, < €}

Nash-Moser Theorem

Under the assumptions (P1)-(P2)-(P3)-(INV) there exists g € (0,1) and so > 0 such
that Ve € (0, 0) there exists

Up = Up(w,€) i= (awn(w,e), (o(w, &), in(w,;90)) €Y NB
such that F, (e,Ux) = 0 and

thoo = Uslso < Clso)e,  Us = (w, 0, (#,0)).

v
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Assumptions (P1)-(P2)

Fu: (0,1) x (Y° nB) — Z° for all s > s, it is continuos and it satisfies the tame
estimates | Fu(e,U)|s < C(s)(1 + ||U]|s) Vee(0,1), VUEY?® nB. (2)

proof:
_ (w-0,0(p) —a—edyP(a,e;0(v), y(p))
Fole,U) = (w 0,y(9) + ¢ + 0o Play, g5 9(50),y(s0)))

w - 0y is a linear operator and P is a smooth function, hence the continuity
assumption holds.

To prove (2) we have to apply the Composition Lemma to the functions
0Oy,0P(g;+) oU, recalling that U € B (smallness assumption on the low norm ).

Fu(0,Us) = 0 where Uy := (w, 0, (¢,0)).
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Assumption (P3)

(P3)

For all € € (0,1) Fu(e,-): Y° n B — Z° there exists a linear tame operator
Lo(g,") :=da,,iFu(e, ) such that forall U e Y° "B, he Y?®
[Fu(e,U + h) = Fule,U) = Lo (e, U)[R][s = o([Alls) ®3)
Lol )l < ) (Il + 141 R ], ) @)
Lo (e, Un)[h] = Lo (&, Uz)[h]]so < Clso)[Us = Uz||so (I ]lls (5)

proof: We have to use the Composition Lemma, the fact that ¢/ € B and the
following expressions

& —e|ogP(g; o, ¢, )9—1—62 P(g; 0, ¢, 1)) (463
Lole,U)A] = (c+e[599§3(eag, )0 + 03, P(e; v, C, ) g]) hi=(8,6,9)

1
Taylor remainder: Rz (U, h) = J- (1 —7) D*Fo(e;U + 7 h)[h, h] dr
0

IR2(U, h)]s < C(S)(H\hHlsHIhIHSD + HIUHIs\thllfo)
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(INV) assumption

(INV)

There exists p > 0 such that for any ¢ € (0,1), U € B~ Y there exists an
approximate right inverse of L (e,U), namely an operator T, (g,U) such that for all

heYstr
(et < Cls,&) (IRllsro + U111 IR0 )

(L (e,U) Tu(e,U) = DR]|s < C(Sﬁ)(lfw(&u)lso I17lls+p + 1 (&, ) |s+o 12l 5o

+ “‘u“‘S+P‘fw(57u)‘80mtho)
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Strategy

We consider an approximate solution Up(p) = (a, (,i0(p)) such that
-1
Y MTollsorn « L, N Z]lsp+n < 1

Jo :="io () = (,0) = (Oo(¥), yo(p))
The symplectic form (i0)+$ on T™ is "approximately" zero (io(T™) is not Lagrangian).
« We show that there exists a Lagrangian embedding i5(¢) close to io(p) such
that Us := («, (,i5(¢)) is an approximate solution (good as well as Up).

« Thanks to the isotropicity of is, there exists a a symplectic change of
coordinates defined in a neighborhood of i5(T™) that ¢riangularizes the
linearized problem. Then, in these coordinates, it is easy to find an approximate
right inverse T for dF (e, Us).

« We show that T is an approximate right inverse also for dF. (e,Uo).
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Differential forms

The symplectic form is exact 2 = dy A df and

Q=d\  NO,y[0,9]=y 0.

We consider the pull-back 1-form on T" is

(i0)x (@) [$] = Ao () [D o (@) [#]] = (Dbo()) "yo(p) - &

We can express (io)s A as a vector field on T™
. S T
(i0)sA(@) = Y. a;(p)dp;  a;(e) = (DOo()) yole) - e;.
j=1

Then (i0)«Q(p) = Di_; Arj (@) dpr A dpj with Agj 1= 0y a; — Op; ak.

The coefficients Ag;(p) measure the lack of isotropy of io.

Filippo Giuliani (Universidad polite KAM theorem February 22, 2020 18 / 30



Lemma
Recall that (i0)«Q(p) = -, Akj(¢) dpr A dpj. Then

Ak (9) = (@ 0) 7 (UADZ(@)en, Din(p)e;) + ADio(¢)er, DZ(9)e;) ).

I Akslls S5 7~ (I1Tollso 411 Zllstrt1 + [ Tollstri1ll Zllso+1)
Then Ax; = O(y'2).

proof: we want to compute the Lie derivative Le, ((i0)$) := %H:O (U5 (i0) 2.

Since W}, is just a translation we have

(\Ifi))* (ZQ)*Q = Z Akj(cp—l—wt) d(pk N d(pj = Lw ((Zo)*Q) = Z (LIJ'(?(‘;Akj) d(pk A d@j.

k<j k<j

We use the Cartan’s formula L, (i0)+Q = d((i0)+Q2(w, -)) + (d(i0)+Q2)(w, -). We have
d(i0)+Q = d(io)xdX = (i0)xd*X = 0. By using that Q(Xx (u),-) = —dH( )[] we have

(’io)*Q(UJ, ) = Q(XH(’Lo) + (O,C) + Z,DZQ[]) = —dH(Zo)[D’Lo] + C - D6y + Q(Z,D’Lo)
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If we call (i0)%Q(w,) = >

i—1bi(p) dp; is easy to see that

2 .
00ty =~ TI20) oD 7 [e;), Do [en)
erYej
Then
Lo (i0)+Q = d((i0) 2w, ")) = Y (Oprbj—0p;bx) dox nd; = > (w0pAk;) dipi Adep;.

k>j k<g

If g is zero average and (w - d,) g is the only zero-average solution of w - d,h = g
then

|9£ 2s -2 2/ N\2(s+T —2 2
w270l = 3 2w 5 v Nl £y gl
Lezn weDC (y,7) LeZm

Recalling that moAx; = 0 for all j,k =1,...,n we conclude.
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Isotropic correction

Now we look for a torus embedding is5(¢), which is close to i9(¢), and such that
(15) % = (i5)%dX = d(is5)+A = 0. So this is equivalent to look for is(yp) such that
(i5)% A is closed. We use the following results:

Helmotz decomposition

A smooth vector field a(p) = 3, a;(p) dp; on T" may be decomposed as the sum
of a conservative and a divergence-free vector field

a=VU+c+p, U:T"—>R, ceR", divp=0, mop =0.
We have
. U=A"'(diva);
o« p(p) =27, pi(p) dpj with pi(p) = ATVYR ) Opy Ay, Ay = Oy aj — Op;ar;

* Cj =Toqj.

Let a(p) = X7, aj(p) dp; be a 1-form on T".

e a— pis closed.
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Lagrangian torus

Lemma

The torus embedding is(p) := (0o(¢),ys(¢)) defined by

Ys(9) = yo() — [DOo()] (), pslp) i= A" Y. 0y A ()
k=1

is Lagrangian. Furthermore yo — ys = O(y~'Z), more precisely

-1
ys — yollarsrnmny <5 77 (1Tollso+ 1l Z[s4r42 + [1Tollsr+2l Zlso+1)- (6) |

proof: (is)s\ = (i0)xA — p, which is closed by the Corollary above. Recall that
Apj =0(y12).
The (6) follows by the fact that [[DOF"||s <s 1+ ||Jo|/s+1 and the bound on Ay;.

Set Us := (e, (,i5(p)). We define the error function

Zs(p) = Fule,Us(p)) = w - 05is(p) = Xm,, . o (i5(0))-
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15 is a good approximate solution

There exists o > 0 such that

12 = Zslls <5 [1Z][s+oT0llso+o + [ Z]ls0+o [ Tolls+o + 1 Z]ls+ol|Z][so+o

Thus O(Z) = O(Zs).

proof:

Z —Zs = w - 0p(io —is) () — (Xu,.. . (io(p)) — Xn, .  (is(¢)))
(1) (2)

By the fundamental theorem of calculus we have

(2) = L 0y Xn, . (Tis + (1 —7)i0) [yo — ys] dr

Since the unperturbed vector field is y-independent and the Hamiltonian P is of class
C* with k large we have that

12)lls s &7~ (1F0llso+o1Zlls+0 + [Tollato | Zll o +2)-
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(1) = w-2,(0,[Do(¢)] " p()),
w - 0, [DO(0)] 7" p(p) = (w- 0[DO()]™") _p  +[DOo()]" (w-pp)
M) 0(+12) o) o2)

p and w - d,p have estimates similar to the Ax;’s. We have | DO ||s <s 1+ ||Jol|st1-
Regarding (i) we have

w - 0o[DO0(9)]"" = ~[Dbo(¢)] ™" (w - 2[DBo()]")[Do ()] "

We know that
w-0p00 =a+edyP+ 27y

then differentiating we get
w - 0y Do(p) = £(00y P(io()) Do + Oy P(io()) Dyo) + 0 Z1(0).

lo - 2o [D8a ()] p(9)lls s 1 Z]lstolTollso+o + [ Zllso+ollTolls+o + 1 Z]|ss0 1 Z ] so+o
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The following map

0o (1)) )
Gs(p,m) := _
@)= () 2 Dlen 7
is symplectic and in the new coordinates (¢,7n) the torus i5(T™) corresponds to
{n=0}.

We set Ko,e,c i= Hae,c 0Gs = K+ (- 00(v), K := H o Gs.

Xk, . (h,n) = [DGs(, )] Xu, . (Gs(¥,m)).

If we call L := w - 0p — da,c,i Xk (e, €,15) the linearized operator at {n = 0} then we
can write L = D 4+ R, where D is invertible and R = O(Z)

-1 -1
D™ glls S v (llglls+o + [1Tolls+ollgllso+o)

R[N s ells+ollZllso+o + NEllso+oll Zlls+o + [Tolls+ollellso+o | Z ][ so+o
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The linearized operator at (¢, 0) reads as

< w- %i) — 0y K1 () [9] — K2 ()[A)] — da K1 (¥)[4] )
w - 0pf) + [DOo()]" ¢ + 0y (Da Ko (v, ©)[&]) + Dyy Koo, ©)[¢)] + DypKi(a, )" h

At a solution K1 = w, 0y Ko = 0. Then, if we neglect the terms which are zero at a
true solution we get

_ ( w- 0t — K2(v)[7] — 0a K1 (4)[4] )
w - ) + [DOo ()] + 04 (Da Ko(a, ¢)[4])

We want to solve L(f, (3471&, 1) = (g1(¢), g2(¢))-
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Approximate inverse

If we set a:;(a,C,w,n) = (a, ¢, Gs(¢,m)) then
T, := DG5(p,0)D ™' [DGs(p,0)] "

is an approximate right inverse of dq,i ¢ Fu (g,Us).

Last Proposition

The operator T, is an approximate right inverse of da ;¢ Fw (g, Uo).

—1
ITwglls €o 77 (lgllsto + [1Tolls+ollgllso+o)

1(da,i,c Foo(e,U) 0 Tw = T)glls Ss lgllstollZllsoro + gllso+oll Zllsto
+1%olls+allgllso+ollZllso+a
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A preliminary Lemma

+1rx ~ ~
IDGs(,0)* [1]lls Ss falls + 1 Tolls+o [2llso

ID*Gs (¢, 0)[in, Ba]lls < llanllsllBallso + N2 llso l122lls + 1Tollsalltsllso l122lso

proof:

Db, 0 1 [Dbo] " 0
DGsle.0) = (Dya [Dao]_T) . Daste. 0 = (—[DHO]TDOZJJ [D6o] [D90]T)

We use the notation 7 := (12%, k)

D2Gs(p,0)[i1,52] = (

D?ys(¢)[1h1, 2] + 0y [DB6]~
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Proof of the Last Proposition

proof:

1

davi,gfw({:‘,z/{o) —da,iﬁgfw(é,uts) = 6-[ dyda,i’cXp(T is+(1—7)i, ) [yo —ys, 2] dT =: &
0

doicFule,Us) = DGsL[DG5] ! + & = DGsD[DGs| ' + & + &

&= DQG(;((,D, )[DG(; (p,0)Fu(e,Us), DG5 (%, 0)[1],

& = DGs R[DGs] ™

Then

dllain]:w(Eau) = da,i,C}—w(&u&) + & + & + &
dav’i«C]:W(E7u) OTL/J —I= (50 +(€1 + 52) oT
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Bound for &: By the Taylor-estimates on the vector field

- _ R . R
1€aLC, Alls S5 &y~ (1Z0lswe + Foll ol Zlso+o) lillso + &7 1 Tollso ol Zllso+o 12l s
Ss _I1Zls+ollEllso + [1Tolls+o 1 Zlso+o llEllso + 1Tollso+o 1 Zlso+ [12l]s

ey~ l«1

Bound for £;: By using the estimates on DG’;;H and DG?%

I€1(]lls s NellstollZsllso+o + [fillso+o (| Zslls+o + 1Tollstoll Zsllso+o)

Bound for &: By using the estimates on DG?I, DG3 and for R

[E2[20lls s llElls+o [ Zllso+o + [l2llso+o | Zlls+o + [1Tolls+o llEllso+o 1 Z]lso+o
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