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Summary

• Nearly-integrable Hamiltonian systems, Kronecker tori

• The "classical" KAM theorem (in finite differentiability class)

• KAM theorem for perturbations of Isochronous Hamiltonian
systems

• Functional setting, Nash-Moser theorem

• Proof of the Nash-Moser theorem:
• Check of assumptions pP1q-pP2q-pP3q
• Approximate right inverse of the linearized operator
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Nearly integrable Hamiltonian systems

Let us consider a Hamiltonian H : Tn ˆ BRnp0, Rq Ñ R of class Ck (with k large) and
of the form

Hpε; θ, Iq “ H0pIq ` εH1pθ, Iq, θ P Tn, I P BRnp0, Rq

with the symplectic form Ω :“ dI ^ dθ.

Unperturbed dynamics ε “ 0

p 9θ, 9Iq “ XH0pθ, Iq “ J∇H0pθ, Iq

#

9θ “ BIH0pIq “: ω0pIq,
9I “ ´BθH0pIq “ 0.

The phase space is foliated by invariant tori

Tn ˆ BRnp0, Rq :“
ď

ξPBRn p0,Rq

Tξ, Tξ :“ tpθ, Iq : I “ ξu – Tn ˆ tξu

which support orbits winding around the torus

θptq “ ω0pξqt` θp0q, Iptq ” ξ.
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Kronecker tori

Linear flow on Tn with frequency ω

Ψt
ωpϕq “ ωt` ϕ, ϕ P Tn, ω P Rn.

A torus supporting such motion is called a Kronecker torus.

Dynamics on a Kronecker torus
If ω is non-resonant (or irrational), namely

ω ¨ ` ‰ 0 @` P Znzt0u,

the orbit tωtutPR fills densely the torus.

If ω is resonant the closure of the orbit is diffeomorphic to a lower-dimensional
torus.
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Embedded tori

General definition of a Kronecker torus
We say that T – Tn, which is invariant by the flow ΦtH of a Hamiltonian H, is a
Kronecker torus with frequency ω if its dynamics is conjugated with the linear flow
Ψt
ωpϕq “ ωt` ϕ on Tn.

More precisely, there exists a smooth embedding i : Tn Ñ Tn ˆ Rn,
ϕ ÞÑ ipϕq :“ pθpϕq, Ipϕqq such that T “ ipTnq and

i ˝Ψt
ω “ ΦtH ˝ i. (1)

The curves t ÞÑ ipωt` ϕq, ϕ P Tn are said quasi-periodic solutions of XH .

Example: Tξ are Kronecker tori

Tξ “ ipTnq, ipϕq “ pϕ, ξq, ω “ ω0pξq,

ΦtH0pipϕqq “ ΦtH0pϕ, ξq “
`

ω0pξqt` ϕ, ξ
˘

“ ipω0pξqt` ϕq “ ipΨt
ω0pξqpϕqq

Moreover Tξ is Lagrangian, namely i˚Ω vanishes on it (and it has the maximal
dimension n).
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KAM theory

When ε ą 0, what happens to the tori Tξ and their quasi-periodic motions?

Example: Isochronous system

HpIq “ I1 `
?

2I2 ` εI2
When ε “ 0 we have only 2-dimensional tori supporting quasi-periodic motions with
frequency vector p1,

?
2q.

If ε ‰ 0,
?

2` ε P Q then the solutions are all periodic.

Frequency map : I ÞÑ ω0pIq.

Non-degeneracy condition
We say that the frequency map is non-degenerate if

det BIω0 ‰ 0.

Then this map is a local diffeomorphism, and the frequencies are modulated by the
actions I.
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Diophantine vectors

Small divisors problem

fpϕq “
ÿ

`PZn
f` e

i`¨ϕ, ω ¨ Bϕfpϕq “ gpϕq, f` “
g`

iω ¨ ` ` ‰ 0

ω resonant ñ ω ¨ ` “ 0,
ω irrational ñ ω ¨ ` may accumulate to zero.

Diophantine vectors
We require the frequencies to be strongly irrational. Let γ P p0, 1q, τ ą 0

DCpγ, τq :“
"

ω P Rn : |ω ¨ `| ą γ

|`|τ
@` P Znzt0u

*

.

Measure
Let τ ą n´ 1 and K Ă Rn compact. Then |KzDCpγ, τq| À γ.
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KAM theorem

KAM theorem in finite differentiability class
Let n ě 1, γ P p0, 1q, τ ą n´ 1. Assume that H “ H0 ` εH1 is of class
CkpTn ˆ BRnp0, Rq;Rq for some k “ kpnq large enough and the map

ξ ÞÑ ω0pξq :“ BIH0pξq

is a local diffeomorphism. If
?
εγ´1

! 1 then for each ξ P BRnp0, Rq such that

ω0pξq P DCpγ, τq

the Kronecker torus Tξ persists, slightly deformed, and it supports quasi-periodic
solutions for XH with same frequency ω0pξq.

Positive measure set
If τ ą n´ 1 then the set of KAM tori has positive Lebesgue measure.
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The KAM theorem for isochronous systems

Replacing
?
ε by ε we are led to the ξ-parameter family of isochronous Hamiltonian

systems
Hpξ, ε; θ, yq “ ω0pξq ¨ y ` εP pξ, ε; θ, yq.

Thanks to the twist condition we can consider α “ ω0pξq as a parameter instead of
the unperturbed actions ξ, hence

Hα,εpθ, yq :“ Hpα, ε; θ, yq “ α ¨ y ` εP pα, ε; θ, yq.

When ε “ 0, ty “ 0u is an invariant Kronecker torus with frequency α.

KAM theorem for perturbations of isochronous systems
If εγ´1

! 1 then for any ω P DCpγ, τq there exists a α “ α8pω, εq “ ω `Opεq such
that there exists a Kronecker torus with frequency ω close to ty “ 0u which is
invariant for XHpα8pω,εq,ε;¨q.
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Functional setting

We look for an embedding i : Tn Ñ Tn ˆ Rn, ϕ ÞÑ ipϕq :“ pθpϕq, ypϕqq such that

i ˝Ψt
ω “ ΦtHα,ε ˝ i.

Differentiating in t and using that tωtu is dense on Tn we obtain the following
functional equation

ω ¨ Bϕi´XHα,εpiq “ 0.

Technical trick: we introduce the counter term ζ P Rn considering the Hamiltonian

Hα,ε,ζpθ, yq “ Hα,εpθ, yq ` ζ ¨ θ.

Given ω P DCpγ, τq, we will solve the equation

Fωpε;α, ζ, ipϕqq :“ ω ¨ Bϕipϕq ´XHα,ε,ζ pipϕqq “ 0

in the unknowns pα, ζ, iq. We know that

Fωpε “ 0;ω, 0, pϕ, 0qq “ 0

and we define Ipϕq :“ ipϕq ´ pϕ, 0q.
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The counter-term

Given an embedding ipϕq, we call Zpϕq “ pZ1pϕq, Z2pϕqq : Tn Ñ Tn ˆ Rn

Zpϕq :“ Fωpε;α, ζ, ipϕqq “ ω ¨ Bϕipϕq ´XHα,ε,ζ pipϕqq

the error function. It measures how much ipϕq is a good approximate solution of
Fω “ 0.

Lemma

ζ :“ 1
p2πqn

ż

Tn

´

´ rDypϕqsTZ1pϕq ` rDθpϕqs
TZ2pϕq

¯

dϕ

Hence if ipϕq is a solution of Hα,ε,ζ then ipϕq is a solution of Hα,ε (ζ “ 0).
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proof : Let ψ P Tn. We denote by iψpϕq :“ pθψpϕq, yψpϕqq :“ pθpϕ` ψq, ypϕ` ψqq.
Since the system is autonomous the following Hamiltonian action functional is
constant

Ipψq :“
ż

Tn

´

yψpϕq ¨ pω ¨ Bϕθψpϕqq ´Hpα, ζ, iψpϕqq
¯

dϕ.

Differentiating at ψ “ 0 and integrating by parts we get, for all η P Rn,

0 “ dIp0qrηs “ ´
ż

Tn
Ω
`

ω ¨ Bϕi´XHα,ε,ζ piq, Dipϕqrηs
˘

dϕ

“ ´

ż

Tn
Ω
`

Zpϕq ´ p0, ζq, Dipϕqrηs
˘

dϕ

ż

Tn
Ω
`

p0, ζq, Dipϕqrηs
˘

dϕ
Ω“dy^dθ
“

ż

Tn
ζ ¨Dθpϕqrηs dϕ

“

ż

Tn
ζ ¨ η dϕ` ζ ¨

ż

Tn
DΘpϕqrηs dϕ “ p2πqnζ ¨ η.

Then for all η P Rn

ζ ¨ η “
1

p2πqn

ż

Tn
ΩpZpϕq, Dipϕqrηsqdϕ.
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A Nash-Moser Theorem

We consider

Fω : p0, 1q ˆ Y s Ñ Zs, pε,Uq ÞÑ Fωpε,Uq, U :“ pα, ζ, iq,

Y s :“ Rn ˆ Rn ˆHs
pTn;Tn ˆ Rnq, ~U~s :“ |α|Rn ` |ζ|Rn ` ‖i‖s,

‖i‖s :“ ‖ipϕq‖HspTn;TnˆRnq “ ‖θpϕq‖HspTn;Rnq ` ‖ypϕq‖HspTn;Rnq

Zs :“ Hs´1
pTn;Tn ˆ Rnq, | ¨ |s :“ ‖¨‖s´1.

Let s0 ą n{2, ε ą 0. Define B :“ Bε,s0 :“ tpα, ζ, iq P Y s0 : ‖I‖s0 ď εu.

Nash-Moser Theorem
Under the assumptions pP1q-pP2q-pP3q-(INV) there exists ε0 P p0, 1q and s0 ą 0 such
that @ε P p0, ε0q there exists

U8 “ U8pω, εq :“
`

α8pω, εq, ζ8pω, εq, i8pω, ε;ϕq
˘

P Y 8 X B

such that Fωpε,U8q “ 0 and

~U8 ´ U˚~s0 ď Cps0qε, U˚ :“ pω, 0, pϕ, 0qq.
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Assumptions pP1q-pP2q

(P1)
Fω : p0, 1q ˆ

`

Y s X B
˘

Ñ Zs for all s ě s0, it is continuos and it satisfies the tame
estimates |Fωpε,Uq|s ď Cpsqp1` ~U~sq @ε P p0, 1q, @U P Y s X B. (2)

proof :

Fωpε,Uq “
ˆ

ω ¨ Bϕθpϕq ´ α´ εByP pα, ε; θpϕq, ypϕqq
ω ¨ Bϕypϕq ` ζ ` εBθP pα, ε; θpϕq, ypϕqq

˙

ω ¨ Bϕ is a linear operator and P is a smooth function, hence the continuity
assumption holds.
To prove (2) we have to apply the Composition Lemma to the functions
By,θP pε; ¨q ˝ U , recalling that U P B (smallness assumption on the low norm ).

(P2)
Fωp0,U˚q “ 0 where U˚ :“ pω, 0, pϕ, 0qq.
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Assumption (P3)

(P3)
For all ε P p0, 1q Fωpε, ¨q : Y s X B Ñ Zs there exists a linear tame operator
Lωpε, ¨q :“ dα,ζ,iFωpε, ¨q such that for all U P Y s X B, h P Y s

|Fωpε,U ` hq ´ Fωpε,Uq ´ Lωpε,Uqrhs|s “ op~h~sq (3)

|Lωpε,Uqrhs|s ď Cpsq
´

~h~s ` ~U~s~h~s0

¯

(4)

|Lωpε,U1qrhs ´ Lωpε,U2qrhs|s0 ď Cps0q~U1 ´ U2~s0~h~s0 (5)

proof : We have to use the Composition Lemma, the fact that U P B and the
following expressions

Lωpε,Uqrhs “
ˆ

´α̂´ ε
“

B
2
yθP pε;α, ζ, iqθ̂ ` B2

yyP pε;α, ζ, iqŷ
‰

ζ̂ ` ε
“

B
2
θθP pε;α, ζ, iqθ̂ ` B2

θyP pε;α, ζ, iqŷ
‰

˙

, h :“ pα̂, ζ̂, ı̂q

Taylor remainder: R2pU , hq “
ż 1

0
p1´ τqD2Fωpε; U ` τ hqrh, hs dτ

|R2pU , hq|s ď Cpsq
´

~h~s~h~s0 ` ~U~s~h~2
s0

¯
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(INV) assumption

(INV)
There exists ρ ą 0 such that for any ε P p0, 1q, U P BX Y 8 there exists an
approximate right inverse of Lωpε,Uq, namely an operator Tωpε,Uq such that for all
h P Y s`ρ

|Tωpε,Uqrhs|s ď Cps, εq
´

~h~s`ρ ` ~U~s`ρ~h~s0

¯

|pLωpε,Uq Tωpε,Uq ´ Iqrhs|s ď Cps, εq
´

|Fωpε,Uq|s0~h~s`ρ ` |Fωpε,Uq|s`ρ~h~s0

` ~U~s`ρ|Fωpε,Uq|s0~h~s0

¯
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Strategy

We consider an approximate solution U0pϕq “ pα, ζ, i0pϕqq such that

γ´1‖I0‖s0`µ ! 1, ‖Z‖s0`µ ! 1

I0 :“ i0pϕq ´ pϕ, 0q “ pΘ0pϕq, y0pϕqq

The symplectic form pi0q˚Ω on Tn is "approximately" zero (i0pTnq is not Lagrangian).
• We show that there exists a Lagrangian embedding iδpϕq close to i0pϕq such

that Uδ :“ pα, ζ, iδpϕqq is an approximate solution (good as well as U0).
• Thanks to the isotropicity of iδ, there exists a a symplectic change of

coordinates defined in a neighborhood of iδpTnq that triangularizes the
linearized problem. Then, in these coordinates, it is easy to find an approximate
right inverse T for dFωpε,Uδq.

• We show that T is an approximate right inverse also for dFωpε,U0q.
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Differential forms

The symplectic form is exact Ω “ dy ^ dθ and

Ω “ dλ, λpθ, yqrθ̂, ŷs “ y ¨ θ̂.

We consider the pull-back 1-form on Tn is

pi0q˚λpϕqrϕ̂s “ λpi0pϕqqrD i0pϕqrϕ̂ss “
`

Dθ0pϕq
˘T
y0pϕq ¨ ϕ̂

We can express pi0q˚λ as a vector field on Tn

pi0q˚λpϕq “
n
ÿ

j“1

ajpϕq dϕj ajpϕq :“
`

Dθ0pϕq
˘T
y0pϕq ¨ ej .

Then pi0q˚Ωpϕq “
ř

kăj Akjpϕq dϕk ^ dϕj with Akj :“ Bϕkaj ´ Bϕjak.

The coefficients Akjpϕq measure the lack of isotropy of i0.
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Lemma
Recall that pi0q˚Ωpϕq “

ř

kăj Akjpϕq dϕk ^ dϕj . Then

Akjpϕq “ pω ¨ Bϕq
´1

´

ΩpDZpϕqek, Di0pϕqejq ` ΩpDi0pϕqek, DZpϕqejq
¯

.

‖Akj‖s Às γ´1`‖I0‖s0`1‖Z‖s`τ`1 ` ‖I0‖s`τ`1‖Z‖s0`1
˘

Then Akj “ Opγ´1Zq.

proof : we want to compute the Lie derivative Lω
`

pi0q˚Ω
˘

:“ d
dt |t“0

pΨt
ωq˚ pi0q˚Ω.

Since Ψt
ω is just a translation we have

pΨt
ωq˚ pi0q˚Ω “

ÿ

kăj

Akjpϕ`ωtq dϕk^dϕj ñ Lω
`

pi0q˚Ω
˘

“
ÿ

kăj

`

ω ¨ BϕAkj
˘

dϕk^dϕj .

We use the Cartan’s formula Lωpi0q˚Ω “ d
`

pi0q˚Ωpω, ¨q
˘

` pdpi0q˚Ωqpω, ¨q. We have
dpi0q˚Ω “ dpi0q˚dλ “ pi0q˚d

2λ “ 0. By using that ΩpXHpuq, ¨q “ ´dHpuqr¨s we have

pi0q˚Ωpω, ¨q “ ΩpXHpi0q ` p0, ζq ` Z,D i0r¨sq “ ´dHpi0qrDi0s ` ζ ¨Dθ0 ` ΩpZ,D i0q

Filippo Giuliani (Universidad politecnica de Catalunya, Barcelona)KAM theorem February 22, 2020 19 / 30



If we call pi0q˚Ωpω, ¨q “
řn
j“1 bjpϕq dϕj is easy to see that

Bϕkbj “ ´
B

2
pH ˝ i0q

BϕkBϕj
` ΩpDZ rejs, Di0 reksq

Then

Lωpi0q˚Ω “ d
`

pi0q˚Ωpω, ¨q
˘

“
ÿ

kąj

`

Bϕkbj´Bϕj bk
˘

dϕk^dϕj “
ÿ

kăj

`

ω¨BϕAkj
˘

dϕk^dϕj .

If g is zero average and pω ¨ Bϕq´1g is the only zero-average solution of ω ¨ Bϕh “ g
then

‖pω ¨ Bϕq´1g‖2
s “

ÿ

`PZn

|g`|2

|ω ¨ `|2
x`y2s À

loomoon

ωPDCpγ,τq

γ´2
ÿ

`PZn
|g`|2x`y2ps`τq À γ´2‖g‖2

s`τ

Recalling that π0Akj “ 0 for all j, k “ 1, . . . , n we conclude.
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Isotropic correction

Now we look for a torus embedding iδpϕq, which is close to i0pϕq, and such that
piδq˚Ω “ piδq˚dλ “ dpiδq˚λ “ 0. So this is equivalent to look for iδpϕq such that
piδq˚λ is closed. We use the following results:

Helmotz decomposition
A smooth vector field apϕq “

řn
j“1 ajpϕq dϕj on Tn may be decomposed as the sum

of a conservative and a divergence-free vector field
a “ ∇U ` c` ρ, U : Tn Ñ R, c P Rn, div ρ “ 0, π0ρ “ 0.

We have
• U “ ∆´1

pdiv aq;
• ρpϕq “

řn
j“1 ρjpϕq dϕj with ρjpϕq “ ∆´1 řn

k“1 Bϕk Akj , Akj :“ Bϕkaj ´ Bϕjak;
• cj :“ π0aj .

Corollary
Let apϕq “

řn
j“1 ajpϕq dϕj be a 1-form on Tn.

• a´ ρ is closed.
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Lagrangian torus

Lemma
The torus embedding iδpϕq :“ pθ0pϕq, yδpϕqq defined by

yδpϕq “ y0pϕq ´ rDθ0pϕqs
T ρpϕq, ρjpϕq :“ ∆´1

n
ÿ

k“1

Bϕk Akjpϕq

is Lagrangian. Furthermore y0 ´ yδ “ Opγ´1Zq, more precisely

‖yδ ´ y0‖HspTn;Rnq Às γ
´1`‖I0‖s0`1‖Z‖s`τ`2 ` ‖I0‖s`τ`2‖Z‖s0`1

˘

. (6)

proof : piδq˚λ “ pi0q˚λ´ ρ, which is closed by the Corollary above. Recall that
Akj “ Opγ´1Zq.
The (6) follows by the fact that ‖Dθ˘1

0 ‖s Às 1` ‖I0‖s`1 and the bound on Akj .

Error function for iδ

Set Uδ :“ pα, ζ, iδpϕqq. We define the error function

Zδpϕq :“ Fωpε,Uδpϕqq “ ω ¨ Bϕiδpϕq ´XHα,ε,ζ piδpϕqq.
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iδ is a good approximate solution

Lemma
There exists σ ą 0 such that

‖Z ´ Zδ‖s Às ‖Z‖s`σ‖I0‖s0`σ ` ‖Z‖s0`σ‖I0‖s`σ ` ‖Z‖s`σ‖Z‖s0`σ

Thus OpZq “ OpZδq.

proof :

Z ´ Zδ “ ω ¨ Bϕpi0 ´ iδqpϕq
loooooooooomoooooooooon

p1q

´pXHα,ε,ζ pi0pϕqq ´XHα,ε,ζ piδpϕqqq
loooooooooooooooooooooomoooooooooooooooooooooon

p2q

By the fundamental theorem of calculus we have

p2q “
ż 1

0
ByXHα,ε,ζ pτ iδ ` p1´ τq i0q ry0 ´ yδs dτ

Since the unperturbed vector field is y-independent and the Hamiltonian P is of class
Ck with k large we have that

‖p2q‖s Às εγ´1`‖I0‖s0`σ‖Z‖s`σ ` ‖I0‖s`σ‖Z‖s0`σ
˘

.

Filippo Giuliani (Universidad politecnica de Catalunya, Barcelona)KAM theorem February 22, 2020 23 / 30



p1q “ ω ¨ Bϕp0, rDθ0pϕqs
´T ρpϕqq,

ω ¨ BϕrDθ0pϕqs
´T ρpϕq “

`

ω ¨ BϕrDθ0pϕqs
´T

˘

loooooooooooomoooooooooooon

piq

ρ
loomoon

Opγ´1Zq

`rDθ0pϕqs
´T

loooooomoooooon

Op1q

`

ω ¨ Bϕρ
˘

loooomoooon

OpZq

ρ and ω ¨ Bϕρ have estimates similar to the Akj ’s. We have ‖Dθ˘T0 ‖s Às 1` ‖I0‖s`1.
Regarding piq we have

ω ¨ BϕrDθ0pϕqs
´T
“ ´rDθ0pϕqs

´T
pω ¨ BϕrDθ0pϕqs

T
qrDθ0pϕqs

´T

We know that
ω ¨ Bϕθ0 “ α` εByP ` Z1

then differentiating we get

ω ¨ Bϕ Dθ0pϕq “ ε
`

BθyP pi0pϕqqDθ0 ` ByyP pi0pϕqqDy0
˘

` BϕZ1pϕq.

‖ω ¨ BϕrDθ0pϕqs
´T ρpϕq‖s Às ‖Z‖s`σ‖I0‖s0`σ ` ‖Z‖s0`σ‖I0‖s`σ ` ‖Z‖s`σ‖Z‖s0`σ
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The map Gδ

The following map

Gδpψ, ηq :“
ˆ

θ0pψq
yδpψq ` rDθ0pψqs

´T η

˙

is symplectic and in the new coordinates pψ, ηq the torus iδpTnq corresponds to
tη “ 0u.

We set Kα,ε,ζ :“ Hα,ε,ζ ˝Gδ “ K ` ζ ¨ θ0pψq, K :“ H ˝Gδ.

XKα,ε,ζ pψ, ηq “ rDGδpψ, ηqs
´1XHα,ε,ζ

`

Gδpψ, ηq
˘

.

Proposition
If we call L :“ ω ¨ Bϕ ´ dα,ζ,iXKpα, ε, iδq the linearized operator at tη “ 0u then we
can write L “ D`R, where D is invertible and R “ OpZq

‖D´1g‖s Às γ´1`‖g‖s`σ ` ‖I0‖s`σ‖g‖s0`σ
˘

‖Rr̂ıs‖s À ‖ı̂‖s`σ‖Z‖s0`σ ` ‖ı̂‖s0`σ‖Z‖s`σ ` ‖I0‖s`σ‖ı̂‖s0`σ‖Z‖s0`σ
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The linearized operator at pψ, 0q reads as
ˆ

ω ¨ Bϕψ̂ ´ BψK1pψqrψ̂s ´K2pψqrη̂s ´ BαK1pψqrα̂s

ω ¨ Bϕη̂ ` rDθ0pψqs
T ζ̂ ` BψpDαK0pα,ϕqrα̂sq `DψψK0pα,ϕqrψ̂s `DψK1pα,ϕq

T η̂

˙

At a solution K1 “ ω, BψK0 “ 0. Then, if we neglect the terms which are zero at a
true solution we get

L :“
ˆ

ω ¨ Bϕψ̂ ´K2pψqrη̂s ´ BαK1pψqrα̂s

ω ¨ Bϕη̂ ` rDθ0pψqs
T ζ̂ ` BψpDαK0pα,ϕqrα̂sq

˙

We want to solve Lpζ̂, α̂, ψ̂, η̂q “ pg1pϕq, g2pϕqq.
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Approximate inverse

If we set ĂGδpα, ζ, ψ, ηq “ pα, ζ,Gδpψ, ηqq then

Tω :“ DĂGδpϕ, 0q D´1
rDGδpϕ, 0qs´1

is an approximate right inverse of dα,i,ζFωpε,Uδq.

Last Proposition
The operator Tω is an approximate right inverse of dα,i,ζFωpε,U0q.

‖Tωg‖s Às γ´1`‖g‖s`σ ` ‖I0‖s`σ‖g‖s0`σ
˘

‖
`

dα,i,ζFωpε,Uq ˝ Tω ´ I
˘

g‖s Às ‖g‖s`σ‖Z‖s0`σ ` ‖g‖s0`σ‖Z‖s`σ
` ‖I0‖s`σ‖g‖s0`σ‖Z‖s0`σ
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A preliminary Lemma

Lemma

‖DGδpϕ, 0q˘1
r̂ıs‖s Às ‖ı̂‖s ` ‖I0‖s`σ ‖ı̂‖s0

‖D2Gδpϕ, 0qr̂ı1, ı̂2s‖s Às ‖ı̂1‖s‖ı̂2‖s0 ` ‖ı̂1‖s0 ‖ı̂2‖s ` ‖I0‖s`σ‖ı̂1‖s0 ‖ı̂2‖s0

proof :

DGδpϕ, 0q “
ˆ

Dθ0 0
Dyδ rDθ0s

´T

˙

, DGδpϕ, 0q´1
“

ˆ

rDθ0s
´1 0

´rDθ0s
T Dyδ rDθ0s

´1
rDθ0s

T

˙

We use the notation ı̂k :“ pψ̂k, η̂kq

D2Gδpϕ, 0qr̂ı1, ı̂2s “
ˆ

D2θ0pϕqrψ̂1, ψ̂2s

D2yδpϕqrψ̂1, ψ̂2s ` BψrDθ0s
´T
rψ̂1, η̂2s ` BψrDθ0s

´T
rψ̂2, η̂1s

˙
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Proof of the Last Proposition

proof :

dα,i,ζFωpε,U0q´dα,i,ζFωpε,Uδq “ ε

ż 1

0
dydα,i,ζXP pτ iδ`p1´τqi, αqry0´yδ, ı̂s dτ “: E0

dα,i,ζFωpε,Uδq “ DGδ L rDĂGδs
´1
` E1 “ DGδ D rDĂGδs

´1
` E1 ` E2

E1 :“ D2Gδpϕ, 0qrDG´1
δ pϕ, 0qFωpε,Uδq, DG

´1
δ pϕ, 0qr¨ss,

E2 :“ DGδ R rDĂGδs
´1

Then
dα,i,ζFωpε,Uq “ dα,i,ζFωpε,Uδq ` E0 ` E1 ` E2

dα,i,ζFωpε,Uq ˝ Tω ´ I “
`

E0 ` E1 ` E2
˘

˝ T
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Bound for E0: By the Taylor-estimates on the vector field

‖E0rζ̂, ı̂s‖s Às εγ´1`‖Z‖s`σ ` ‖I0‖s`σ‖Z‖s0`σ
˘

‖ı̂‖s0 ` εγ
´1‖I0‖s0`σ‖Z‖s0`σ‖ı̂‖s

Às
loomoon

εγ´1!1

‖Z‖s`σ‖ı̂‖s0 ` ‖I0‖s`σ‖Z‖s0`σ‖ı̂‖s0 ` ‖I0‖s0`σ‖Z‖s0`σ‖ı̂‖s

Bound for E1: By using the estimates on DG˘1
δ and DG2

δ

‖E1 r̂ıs‖s Às ‖ı̂‖s`σ‖Zδ‖s0`σ ` ‖ı̂‖s0`σ
`

‖Zδ‖s`σ ` ‖I0‖s`σ‖Zδ‖s0`σ
˘

Bound for E2: By using the estimates on DG˘1
δ , DG2

δ and for R

‖E2 r̂ıs‖s Às ‖ı̂‖s`σ‖Z‖s0`σ ` ‖ı̂‖s0`σ‖Z‖s`σ ` ‖I0‖s`σ‖ı̂‖s0`σ‖Z‖s0`σ
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